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Abstract

In this paper, we will first prove that if a Banach space has approximate fixed point property, then its dense subset also has the
same property. Also, we introduce the bounded approximate fixed points property for self maps on Banach space. As application,

we will prove the existence of fixed points and approximate eigenvalue to certain type of nonexpansive mappings using the

existence of bounded approximate fixed points to these maps.
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1. Introduction

Fixed point theory is a very popular tool in solving existence
problems in many branches of Mathematical Analysis and its
applications. Nowadays, there are plenty of problems in
applied mathematics which can be solved by means of fixed
point theory such as physics, chemistry and economics. In
physics and engineering fixed point technique has been used
in areas like image retrieval, signal processing and the study of
existence and uniqueness of solutions for a class of nonlinear
integral equations. But in some situations it will be difficult to
derive conditions for existence of fixed points for certain types
of mappings and the requirement will be only an approximate
to the fixed points. In such a case naturally we will use the
concept of approximate fixed points. Some recent work on
boundary value problems can be found in [12, 16, 17] and the
references therein.

In 1965, F. E. Browder [1] and D. Gohde [8] independently
proved that every nonexpansive self-mapping of a closed
convex and bounded subset of a uniformly convex Banach
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space has a fixed point. Also, This result was also obtained by
W. A. Kirk [10], under assumptions slightly weaker in a
technical sense, and another proof, more geometric and
elementary in nature, has recently been given by K. Goebel

[6].

In2001 R. Espinola and W. A. Kirk [4] shown that the product
space H =(M xK),
property for nonexpansive mappings whenever M is a metric

space which has the approximate fixed point property for such
mappings and K is a bounded convex subset of a Banach

has the approximate fixed point

space.

In this paper, starting from the article of Mohsenalhosseini [11]
and Chakraborty et al [2], we study we approximate fixed
point property and its dense subset property on Banach spaces,
and we give some qualitative and quantitative results
regarding approximate fixed point property and its dense
subset property. Furthermore, we formulate and prove results
for bounded approximate fixed point sequence and
approximate eigenvalues.

Definition 1.1 A subset C of a normed linear space X is
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said to be star shaped if there exists ¢JC such that
rx+(1-r)gOdC forall xOC and 0<r<1.

Definition 1.2 Let X be a normed linear space and let
T:X - X. Then T is said to be homogeneous if
T(Ax)=AT(x) OAOM, where M isasubsetof X

Definition 1.3 [9] Let X be a normed linear space and let
T:X - X. Then T is demi-closed if for any sequence
{x,} weakly convergent to an element x. with {A(x,)}

norm-convergent to an element y., then A(xs) = ys..
Remark 1.4 [14] It is known that if K is a closed convex

subset of a uniformly convex Banach space X and
T:K - X anonexpansive map then /-7 is demi-closed.

Definition 1.5 [13] Let K be a subset of a Banach space X.
Amap T:K - X is said to be demi-compact at zOK if
{x,} 0K that

(I{-T)x, -z as n — o then there exist a subsequence

for any Dbounded sequence such

{x, } and a point pOK such that x, — pasj —» o and
J J
(U-T)p=z

Definition 1.6 [2] Let X be a normed linear space and let
T:X - X. Then T issaid to be semi compact if, whenever

there exist a sequence {x,}UX with lim, ||T X, — X, || =0,
the sequence {x,} has a convergent subsequence.

Definition 1.7 [15] 4 mapping T:X - X
-contraction if there exists a U(0,1) such that

s a a

d(Tx,Ty) < ad(x,y), O,y X.

Remark 1.8 [11] The smallest value of a for which the
above inequality holds is said to be Lipschitz constant for T’
and it is denoted by L. If L <1, T is a contraction and if
L=1, T isnonexpansive.

Definition 1.9 [11] Let (X ,||||) be a completely norm space

and 7:X — X be amap. Then x, X is &—fixed point

for T if ||T)c0 —x0||<£.

Remark 1.10 [11] In this paper we will denote the set of all

& — fixed points of T, for a given &, by:
AF(T)={x0X |xis an & — fixed point of T}.

Definition 1.11 [11] Let (X,d) be a metric space and

T:X - X be amap. Then T has the approximate fixed
point property (a.f.p.p) ife >0, AF(T) Z U.

Theorem 1.12 [11] Let (X, ||||) be a completely norm space
and T:X - X beamap also forall x,yX,

||Tx—Ty||Sc||x—y||: 0<c<l1

then T has an £— fixed point in completely norm space.
Moreover, if x,yX are £- fixed points of T, then

fr=sls 2

Remark 1.13 The following result (see [7]) gives conditions
under which the existence of fixed points for a given mapping
is equivalent to that of approximate fixed points.

Theorem 1.14 Let A be a closed subset of a metric space
(X,d) and T:A4 - X acompact map. Then 7 has a fixed

point if and only if it has the approximate fixed point property

2. Approximate Fixed Point
Property and Its Dense
Subset Property

In this section we give some qualitative and quantitative

results regarding approximate fixed point property and its

dense subset property.

Theorem 2.1 Let (X, ||||) be a completely norm space having

afppand T:X - X beanonexpansive map, x, X and
£>0. If 4 beadensesubsetof X, then 4 hasa.fp.p.

Proof: First we claim that,

{xO X |xisan &— fixed pointof T} =
{xOA4|xisan &~ fixed point of T}.

We know that

{xOX |xisan &€ — fixed pointof T}
{xOA|xis an & — fixed point of T}.

Let yOX. Then there exist a sequence {y,} 04 such that

Yo =Y and we know that for xOA,

|7 =<, = v | On.

Taking limit |Tx = x| <||Ty = y|. This is true for all yOX.

Therefore

{xOA4|xisan & - fixed point of T} U
{yOUX|yisan&— fixed point of T}.

Hence our claim is proved. Now consider any nonexpansive
map T:A4 - A. Given any xUX, there existe a sequence

{x,}04 such that x, - x as n — . Thenas 7:4 - 4

is continuous it can be Hence our claim is proved. Now
consider any nonexpansive map 7:4 — A. Given any
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x0X, there existe a sequence {x,} A4 such that x, - x
as n—-o. Then as T:4 - A4
extended to X by defining, 7x =/lim, _ ,Tx,. Hence we can

is continuous it can be

consider 7' as a nonexpansive map on X and then by our
claim O&>0,AF(T)#0, for all x4,

a.f.p.p. Hence 4 hasafp.p. ¢

since X has

Example 2.2 Let C be a closed bounded starshaped subset of
a Banach space X with star centre p. If For n=1,2,3,.--

define 7, :C - C by,
Tox = (<) T+ (——) xOC
" n+l P

such that 7:C — C be a nonexpansive.

Then: Oe>0, AF(T)#0. Since 7, is a contraction on
C. Therfore by Theorem 1.12 AF(7,)# U, U0O&>0. Also,
by Banach contraction principle it has a unique fixed point x,

in C. Now consider,

75, x| =75, =T =

n 1
Tx, —(—)Tx, —(——
; (n+1) ; (n+1)pH

p— 1 -_— = e
=) |7, - p|  On=1,2.3,
Hence ||Txn - X, || <& for every £>0, since C is

bounded. Therfore AF(T)#01, [D&e>0. *

Example 2.3 Let C be a closed bounded starshaped subset of
a Banach space X with star centre p. If For n=1,2,3,.--

define 7, :C - C by,

n

n+l

1
T,x=( Vx+(—)p, xdcC
n+l

such that 7:C - C be a nonexpansive, semi-compact map
on C. Then Oe>0, AF(T)#0.

By Example 2.2 we have a sequence {x,} in C such that
||Txn —xn” <& for every £>0. Also, since 7T is

semi-compact, sequence {x,} has a convergent subsequence

{xnk} which converges to some X. [JC and by continuity

of T, Txnk - Tx.. Then consider,

_( g )Tx

T x, =
"k n +1 "k

+(

nkﬂ)p

Letting k& — o, we have Tx. =x. and hence x. is a fixed

point of 7 in C. Now by Theorem 1.14 it follows that
AF(T)=0 0O&>0.°

Example 2.4 Let C be a closed bounded starshaped subset of
a reflexive Banach space X with star centre p. If For

n=1,2,3,--- define 7,,:C - C by,
Tx= (e +(—) kOC
" n+l n+l b

such that 7.¢ _, ¢, T(C)OC and j-7 is demi-closed.
Then Ue>0, AF(T)#0.
By Example 2.2 we have a sequence {x,} in C such that

||Txn - X, || <& forevery £€>0. Also, Since X is reflexive

Banach space, {x,} has a subsequence {xnk} which

converges weakly to x. . Since [ —T is demi-closed,

({-T)x. =0, Thus Tx. = X.. Now by Theorem 1.14 it
follows that AF(T)z0 Oe>0. ®

Example 2.5 Let C be a closed bounded starshaped subset of
a Banach space X with star centre p. If For n=1,2,3,---

define 7,:C - C by,
Tx= (e +(—) eOC
" n+l1 n+l b

such that 7:C — C be a nonexpansive, demi-compact map
on C. Then AF(T) is compact and

Oe>0, AF(T)#0.

By Example 2.2 we have a sequence {x,} in C such that

||Txn -X, ||< & for every £>0. Therefore, it has an & —

fixed point x, OC and in particular, there exists X, in C

such that
"Tnxn—xn"Sl for n=1,2,3,--.
n

On the other hand, since

o =72, [ < v, =T, [+, =T

1 n 1
<—+ (n+1)Txn+(m)P_Txn
- O+ L p-T .

n n+l &

Therfore (/-T)x,=0 as n - . Since 7:C - C 1is
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demi-compact, the bounded sequence {x,} in C has a

convergent subsequence {x, } which converges to a point
J

say {x} in C as j o and (/-T)x,=0. Hence
Tx: = X«. 1.14 it that
AF(T)#z0 UOg&>0. Furthermore, AF(T)is also compact

sinc T is demi-compacton C. ®

Now by Theorem follows

3. Bounded Approximate Fixed
Point Sequence Property and
Approximate Eigenvalues

In this section we formulate and prove results for bounded

approximate fixed point sequence and
eigenvalues.

approximate

Definition 3.1 Let C be a closed bounded starshaped subset
of a Banach space X with star centre p, €>0 and
T:C - C be amap. Then {x,}0C is bounded & - fixed
point sequence for T if ||Txn —xn” <¢g for n=1,2,3,....
Remark 3.2 In this paper we will denote the bounded & -
fixed point sequence of 7, for a given &, by:

BAFS(T) = {{x,}0C:x, is a bounded
£ —fixed point sequence of T'}.

Definition 3.3 Let C be a closed bounded starshaped subset

of a Banach space X with star centre p, &£>0 and

T:C - C beamap. Then T has the bounded approximate

fixed point sequence property (b.a.f.p.s.p) if
Oe>0,BAFS(T) % 0.

Definition 3.4 Let K be a subset of a completely norm space

(X,d) and T:K - K be a map. Then A, 0K is £-

eigenvalue for T if there exists a sequence {x,} X such

that ||xn || =1 foreach n and ||Txn = Agx, ||< E.

Remark 3.5 In this paper we will denote the & —eigenvalue of
T, foragiven &,by:

AEIG(T)={A, OK : A, is an & — eigenvalue of T}.

Theorem 3.6 Let C be a closed bounded starshaped subset of
a Banach space X with star centre p. If For n=1,2,3,--

define 7, :C - C by,

n 1
T x= Tx+(—)p, xacC
= T+ ()
such that 7:C - C be a nonexpansive, Then:

Oe>0, BAFS(T)#0.

Proof: Since 7, is a contraction on C. Therefore by Banach
contraction principle it has a unique fixed point x, in C.

Now consider,

75, =, =75, = T

Tx, —( .
n+l

1
)Tx, (E)PH

p— 1 - = cee
—(m)”Txn p|  Dn=123,

Hence ||Txn =X, || <g for every £>0, since C is
bounded. Therfore BAFS(T)# [, [He>0.

Theorem 3.7 Let A be a subset of a normed linear space X
suchthat A, 40 4,04, >0 and O0OA. Also suppose that
BAFS(T)#0,06>0 and T:A-> A is a

nonexpansive homogeneous mapping. If A, 21,4, is an

approximate eigenvalue of 7.
Proof: Let A, 21 Consider a map 7, :4 - A defined by
[3
1
T, (x)=—T(x) for xUOA
£ /]s
Then T A, is a homogeneous nonexpansive map on A . Since

Oe>0, BAFS(T)# 0, there exist a bounded sequence

{x,} in A such that HT 3 X, —x,|| <& By our assumption
&

X .
Yy :ﬁ exists and belongs to 4 for every n. Now,
x}’l

Consider
- I
HTﬂgyn V||l T TA£(||xn||) (”x,,")
1
=Ty x, —x,
[
1
<(GE
[
LTyn V|| <6
Hence, "¢ ie., ||Tyn —/Isyn||<£.

Therefore there exists a sequence {y,} in 4 such that

"yn":l and ||Ty,,—/1€yn||<£. Hence A, is an &-
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eigenvalue of 7.

Theorem 3.8 Let 4 be a subset of a normed linear space X
suchthat A, 40 4,04, >0 and 00A. Also suppose that

BAFS(T)#0,06>0. Then for any homogeneous

Lipschitzian map T:4 — A, the Lipschitzian constant L

is an approximate eigen value of 7.

Proof: Let L =1 define TLx:%Tx for x0OA.

Then 7, is a homogeneous nonexpansive map on A.

Hence, as in Theorem 3.7 L isan & —eigenvalue of 7.

4. Conclusions

Nowadays, fixed points and approximate fixed points in the
both metric and normed spaces play an important role in
different areas of mathematics and its applications,
particularly in mathematics, physics, differential equation,
game theory, and dynamic programming.

In this work, we introduced the bounded approximate fixed
points property for self-maps on Banach space and gave
results about approximate and bounded
approximate fixed point on normed spaces. Also, we proved
several approximate eigenvalue and bounded approximate

eigenvalue

fixed point theorems on normed spaces .
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