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Abstract 

In this research paper a mathematical models have been developed to study the effect of aneurysm on blood flow. The artery 

under consideration for the development of model is cylindrical with an axially symmetric aneurysm and fully of blood. The 

blood assumed to be Newtonian fluid with constant viscosity µ and constant density ρ . The results indicated that the size of 

aneurysm has directly proportional relation with pressure difference, and inversely proportional relation with velocity. While 

the size of aneurysm has irregular relation with wall shears stress, shear rate and flow rate of blood, where every one of them 

has maximum value at R=1.6r. 
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1. Introduction 

The flow of blood in large arteries considered as Newtonian 

flow [1]. The Newtonian approximation for blood is 

acceptable in modelling flow in large arteries, normally, 

when shear rate of flow is greater than 100
-1

 [2] and [3]. 

Newtonian flow is defined as that flow where shear stress is 

directly proportional to shear rate. This mean that when shear 

stress is plotted against shear rate at a given temperature the plot 

shows a straight line with a constant slop, this slop is called the 

viscosity of fluid, also Newtonian flow can be defined as the 

flow in which the coefficient of viscosity is constant [4]. 

Aneurysm is an enlarged the size of arteries caused by a 

weakening of the arteries wall. This weakening can lead to 

rupture of blood artery at aneurysm location, which can cause 

internal bleeding and stooped the blood supply. For instance, 

rupture an aneurysm in the artery which is supplying the 

blood to brain, can bring strokes, likewise rupture in 

abdominal artery leads to death from internal bleeding 

[5].The relation between the aneurysm and hemodynamic of 

blood flow is considered the interest subject of researchers. 

[6] have suggested that, irregular shear stress of wall is one 

of the factors which contribute to the weakening of the wall 

tissue. [7] have reported that low wall shear stress is related 

to the growth of aneurysm, and rupture.[8] have observed 

that the aneurysm growth occur in regions of low wall shear 

stress. The blood flow in the aneurysm artery was considered 

as Newtonian flow [9], [10], [11], [12], and [13]. 

There are many physical reasons, why the increase radius of 

aneurysm can lead to rupture. All are related to the shear 

stress [14]. 

2. Geometry of the Model 

Figure (1) presents the geometry of the model which is 

showing an aneurysm artery. The aneurysm introduced into 

the geometry is made to be axis symmetrical i.e symmetrical 

around the axis of artery. 
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Figure 1. The geometry of aneurysm artery and coordinate system of flow. 

The boundary of the aneurysm is represented by the 

following equation. 








 +

=−≤≤

><<−
−

+

=

rRzzz
n

rRzzz
z

z
COS

nr

rR

nr

rR

,
0

0,
2

,00
),

0

(

R(z)

π

            (1) 

From figure (1) and equation (1), it is clear that 2z0 is the 

aneurysm length through which the blood flows; r is the 

normal radius of artery, n is integer number related to the a 

standard radius and R is the radius of aneurysm. 

3. Developed the Model 

We consider the blood flow through cylindrical with an 

axially symmetric aneurysm artery. The blood assumed to be 

Newtonian fluid and homogenous with constant viscosity µ 

and constant density ρ . This flow can be characterized by 

the following equation. 

r

v

∂
∂= µτ ,                                       (2) 

Then based on the equations of motion in cylindrical polar 

coordinates, the axial velocity in aneurysm is function of R 

and z. and can be determined by the following equation. 
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 Is constant, then Eq. (3) can be reduced to 
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Integrate Eq. (4) with respect to r, and divided both side by r 

we get 
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On the axis the velocity is finite, then c=0, Eq.(5) will written 

as 
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Substitute Eq. (2) in Eq. (6) and put r = R(z) we get 
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From Eq. (1), Eq. (7) and figure (1), it is clear that shear 

stress is maximum at the wall, and finite at the axis. Then at z 

= ±z0, R = r,
n

zR
2

)( 0 =±  and shear stress

0nz

p∆−=τ . 

Also in case of aneurysm, wall shear stress is maximum at 

the wall where –z0<z<z0 and R>r. Then the wall shear stress 

along the aneurysm can be modelled as function of R. This 

can be find by remove the corresponding values of shear 

stress at z = ±z0 from Eq. (7). And then integrate it with 

respect to z as follow 
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From Eq.(9) it is clear
n

p∆−=τ  at R=r. 

In case of aneurysm, a larger the radius and the concomitant 

larger a cross sectional area, leads to a larger pressure. Then 

according to Bernoulli’s equation, the blood flow needs 

pressure difference to drive the blood along the aneurysm ∆
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Substitute Eq. (10) in Eq. (9) we get 
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Equation (11) is the model of wall shear stress in case of 

aneurysm artery, which is function of R. Where τ is the wall 

shear stress, r is the normal radius of artery, ρ  is the density 

of blood, v is the initial velocity of blood, n is integer number 

related to the slandered radius and R is the radius of 

aneurysm. 

Also from Eq. (11), the flow rate volume of blood can be 

model as 
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Equation (12) is the model of volume flow rate of blood 

across the section of aneurysm artery, which is function of 

R. Where Vstrokeis the stroke volume or the heart pumps 

which is equals 90 cm
3
 [14], M is the number of arteries 
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which is having the same radius, r is the normal radius 

artery, ρ  is the density of blood, v is the initial velocity of 

blood, n is integer number related to the standard radius, µ
is the viscosity of blood and R is the radius of aneurysm. 

4. Results and Conclusion 

Equation (11) has been solved by using mathematical 

software program called (Microsoft Math) for R=1.3r to 

R=2r. Table (1), presents the wall shear stress and pressure 

difference of aneurysm artery. While table (2), presents the 

shear rate of aneurysm artery. The results listed in tables (1-

2), indicated that the wall shear stress has a maximum value 

at R=1.6r and shear rate so. Also it is clear that increase the 

radius of aneurysm from R=1.3r to R=1.6r lead to increase 

the wall shear stress, but increase R more than 1.6 times r 

leads to decrease wall shear rateand wall shear stress so. 

While increase the radius of aneurysm more than 1.6 of 

normal radius r, lead to increase pressure difference which 

suppresses wall shear stress and wall shear rate so.  

Also to estimate flow rate volume across an aneurysm of 

artery, equation (12) has been solved for R=1.3r to R=2r, 

where initial velocity considered to be 1cm/s, µ = 0.04 

dynes/cm
2
, n=2, ρ =1.06 g/cm

3
 and the total volume of blood 

(4950cm
3
) is pumped through the body every 55s or 90cm

3
/s. 

The velocity in aneurysm artery has been calculated by using 

the formula v2= Qt /A2. Table (3), presents the volume of 

flow rate and the velocity of blood for aorta in case of 

aneurysm, and table (4), presents the flow rate and the 

velocity of blood for artery in case of aneurysm. The results 

listed in tables (3-4) indicated that, the flow rate volume of 

blood has maximum value at R=1.6r and the velocity has 

maximum value at R=1.3r. Also it is observed that, the 

average of flow rate across the aneurysm sections of aorta is 

119 cm
3
/s, which is greater than the normal flow rate 

90cm
3
/s, this happened because of increase the average heart 

rate beats from 1/s to 1.3/s. While the average velocity across 

the aneurysm sections of aorta is 9.5cm/s, which is less than 

the normal velocity 18 cm/s. 

Studying the effect of aneurysm on blood flow has been 

performed. It is clear that the effect of aneurysm on blood 

flow started at R=1.3r. Where increasing the radius of 

aneurysm lead to increase the pressure difference and 

decrease the velocity. While wall shear stress, wall shear rate 

and flow rate of blood are irregular, and each of them have 

maximum value at R=1.6r. Also it is observed that, the 

suitable range of aneurysm radius, which maintaining the 

steady flow of blood along the aneurysm artery is, from R = 

1.1r to R = 1.6r. But increase R more than 1.6 times the 

normal radius r of artery, maybe lead to change the shape of 

aneurysm and make it approach to spherical, and this lead to 

re-model the geometry shape of aneurysm and also re-model 

the flow of blood. 

Table 1. Estimated wall shear stress and pressure difference in aneurysm 

artery for n = 2, r = 0.4cm, v =10cm/s and density ρ = 1.06 g/cm3. 

R/r PressureDeferencedynes/cm2 Wall shear Stressdynes/cm2 

1.3 22.1 9.380 

1.4 26.5 10.60 

1.5 30.0 11.26 

1.6 33.0 11.53 

1.7 35.4 11.50 

1.8 37.4 11.21 

1.9 39.1 10.75 

2.0 40.5 10.14 

Table 2. Estimated wall shear rateγ  in aneurysm artery for viscosity µ = 

0.04 dynes.s/cm2 and density ρ  = 1.06 g/cm3. µτγ /= . 

R/r n=10 n=5 n=2 

1.30 0.44 × v1 0.91 × v2 2.29 × v 

1.37 0.506 × v1 1018 × v2 2.53 × v3 

1.41 0.523 × v1 1.04 × v2 2.61 × v3 

1.48 0.548 × v1 1.09 × v2 2.74 × v3 

1.52 0.556 × v1 1.11 × v2 2.87 × v3 

1.55 0.561 × v1 1.12 × v2 2.80 × v3 

1.63 0.566 × v1 1.132 × v2 2.83 × v3 

1.70 0.562 × v1 1.12 × v2 2.81 × v3 

1.77 0.553 × v1 1.10 × v2 2.76 × v3 

1.81 0.546 × v1 1.09 × v2 2.73 × v3 

1.88 0.529 × v1 1.05 × v2 2.64 × v3 

1.92 0.519 × v1 1.03 × v2 2.59 × v3 

2.00 0.496 × v1 0.99 × v2 2.84 × v3 

Table 3. Estimated the flow rate and velocity of blood across an aneurysm of 

aorta, for “Vstroke = 90 [14]”, M =1, n =2, r =1.25cm, initial velocity v = 

1cm/s, viscosity µ  = 0.04 dynes.s/cm2 and density ρ  = 1.06 g/cm3. 

Area Velocity Flow rate  

8.295768 12.47 103.5 

9.318119 12.28 114.4 

10.39986 11.69 121.5 

11.54099 10.89 125.6 

12.74151 10.00 127.3 

14.00142 9.050 126.9 

15.32072 8.150 124.9 

16.69941 7.280 121.6 

18.13748 6.460 117.2 

19.63495 5.690 111.8 

Table 4. Estimated the flow rate and velocity of blood across an aneurysm of 

arteries, for “Vstroke = 90 [14]”, M =40, n =2, r =0.4cm, initial velocity v = 1cm/s, 

viscosity µ  = 0.04 dynes.s/cm2 and density ρ  = 1.06 g/cm3. v2 = Qt/A2. 

Area  velocity Flow rate 

0.849487 3.04 2..59 

0.954175 3.00 2.86 

1.064946 2.85 3.04 

1.181797 2.66 3.14 

1.304731 2.44 3.18 

1.433745 2.21 3.17 

1.568842 2.00 3.12 

1.710019 1.78 3.04 

1.857279 1.58 2.93 

2.010619 1.40 2.79 
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Figure 2. Graph of distribution of wall shear stress and pressure difference with respect to R. 

 

Figure 3. Graph of distribution of wall shear stress with respect to R/r, for different values of n. 
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