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Abstract 

Contract Bridge is a trick-taking card game which, together with Chess, are the only mind sports officially recognized by the 

International Olympic Committee. In the present paper the author utilizes a combination of the Triangular and Trapezoidal Fuzzy 

Numbers and of the Center of Gravity defuzzification technique for assessing the performance of different clubs and of men and 

women Bridge players. This new fuzzy assessment method is illustrated in practice by presenting two applications from 

tournaments of the Hellenic Bridge Federation and it is validated through the parallel use of two traditional assessment methods, 

the calculation of the mean values and of the PA index. All these methods are not proposed of course for replacing the 

well-established official scoring techniques of the game of Bridge, but they could be useful for statistical evaluation in a variety 

of cases (clubs, geographical regions, men and women, senior and young, old and new players, etc). 

Keywords 

Contract Bridge, Fuzzy Logic (FL), Triangular (TFN) and Trapezoidal (TpFN) Fuzzy Numbers (FNs),  

Center of Gravity (COG) Defuzzification Technique, Grade Point Average (GPA) Index 

Received: May 17, 2016 / Accepted: June 1, 2016 / Published online: June 20, 2016 

@ 2016 The Authors. Published by American Institute of Science. This Open Access article is under the CC BY license. 

http://creativecommons.org/licenses/by/4.0/ 

 

1. Introduction 

Fuzzy Logic (FL) is based on the notion of Fuzzy Sets 

initiated by Zadeh [20] in 1965. Due to its nature of 

characterizing the ambiguous situations of our day to day life 

with multiple values, FL offers rich resources for assessment 

purposes, which are more realistic than those offered by the 

traditional Aristotle’s bi-valued logic [14, 15]. 

In an earlier paper [16] we have used the Center of Gravity 

(COG) defuzzification technique for assessing the Bridge 

players’ performance. Millions of people in our days play 

Bridge worldwide in clubs, tournaments and championships, 

but also on line [1] and with friends at home, making it one of 

the most popular card games. 

According to the COG method [13], when a fuzzy model is 

used for the solution of a problem, its fuzzy outcomes can be 

defuzzified using the coordinates of the COG of the graph of 

the membership function involved in the problem. In case of 

the version of the COG method adapted for use as an 

assessment method [8], it turns out that the area of this graph is 

the sum of the areas of a finite number of neighboring 

rectangles having one of their sides on the OX axis (e.g. see 

Figure 1 of [16]). However, it was later realized [9] that the 

above scheme is not reflecting properly the ambiguous cases 

of the player scores being at the boundaries between two 

successive levels of performance, e.g. something like 64-65% 

being at the boundaries between an excellent (A) and a very 

good (B) performance. For this, the rectangles of the 

corresponding graph were moved to the left to share common 

parts (e.g. see Figure of [10]). In this way the ambiguous 

scores, being within these parts, can be considered as 

belonging to both levels of performance. As a result, the 

common parts must be considered twice for calculating the 

COG of the new scheme, which gives genesis to what we have 

called “the Generalized Rectangular Model” (GRM) [9, 10]. 
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Further, we have shown [10] that the GRM does not depend on 

the shape of the rectangles, which can be replaced by triangles 

(Triangular Fuzzy Assessment Model, or TFAM for brevity) 

or trapezoids (Trapezoidal Fuzzy Assessment Model, or 

TpFAM). In fact, GRM, TFAM and TpFAM are equivalent to 

each other models, in the sense that the assessment 

conclusions obtained by them are the same. For example, in 

Section 6.2 of [17] we applied the TpFAM for assessing 

Bridge players’ performance. 

Here we shall apply a new fuzzy method for evaluating the 

Bridge players’ skills, by utilizing a combination of the Fuzzy 

Numbers (FNs) and the COG technique. The rest of the paper 

is formulated as follows: In Section 2 we give a brief account 

of the game of Bridge, which facilitates the better 

understanding of the paper. In Section 3 we present the basics 

of FNs and in particular of the Triangular (TFNs) and the 

Trapezoidal (TpFNs), which are necessary for our purposes. 

In Section 4 we present two applications from tournaments of 

the Hellenic Bridge Federation illustrating our results in 

practice. Our new fuzzy assessment method is validated with 

the parallel use of two traditional assessment methods, the 

calculation of the mean values and of the Grade Point Average 

(GPA) index. Finally, Section 5 is devoted to our final 

conclusion including a short discussion on the perspectives of 

future research on the subject. 

2. The Game of Contract Bridge 

Contract Bridge is a card game belonging to the family of 

trick-taking games. It is a development of Whist, which had 

become the dominant such game enjoying a loyal following 

for centuries. In 1904 Auction Bridge was developed, in which 

the players bid in a competitive auction to decide the contract 

and declarer. The object became to make at least as many 

tricks as were contracted for and penalties were introduced for 

failing to do so. The modern game of Contract Bridge was the 

result of innovations to the scoring of auction bridge 

suggested by Harold Stirling Vanderbilt (USA, 1925) and 

others. Within a few years Contract Bridge had so supplanted 

the other forms of the game that Bridge became synonymous 

with Contract bridge. 

Rubber Bridge is the basic form of contract bridge, played by 

four players. Informal social bridge games are often played 

this way. Duplicate Bridge is the game usually played in clubs, 

tournaments and matches. It is basically the same with the 

rubber bridge, but the luck element is reduced by having the 

same deals replayed by different sets of players. There are also 

some significant differences in the scoring. 

Bridge occupies today a position of great prestige being, 

together with chess, the only mind sports (i.e. games or skills 

where the mental component is more significant than the 

physical one) officially recognized by the International 

Olympic Committee. The World Bridge Federation (WBF) is 

the international governing body of Contract Bridge. WBF 

was formed in August 1958 by delegates from Europe, North 

and South America and its membership now comprises 123 

National Bridge Organizations, with about 700.000 affiliated 

members. 

In the standard 52-card deck used in bridge, the ace is ranked 

the highest followed by the king, queen, and jack (all the 

above cards called honours) and the spot-cards from ten down 

through to the two. Suit denominations also have a rank order 

with no trump (NT) being highest followed by spades (SP), 

hearts (H), diamonds (D) and clubs (CL). There are four 

players in each table, in two fixed partnerships. Partners sit 

facing each other. It is traditional to refer to the players 

according to their position at the table as North (N), East (E), 

South (S) and West (W). So N and S are partners against E and 

W. 

An almost essential tool for playing bridge is the board 

containing four pockets, one for each player, marked by N, E, 

W and S respectively; 13 play cards are placed in each pocket. 

Each board carries a number to identify it and has marks 

showing the dealer (i.e. the player who starts the bidding) and 

whether each of the two playing sides is vulnerable or not. A 

side which is vulnerable is subject to higher bonuses and 

penalties than one that is not. 

At the beginning of the game the cards are shuffled, dealt and 

placed in the pockets of each board. In some competitions 

boards are pre-dealt prior to the competition, especially if the 

same hands are to be played at many locations; for example in 

a large national or international tournament. Mechanical 

dealing machines or special computer software are usually 

used for this purpose. 

Each session (hand) of the game is progressing through the 

following phases: Bidding (or auction), playing the cards and 

scoring the results. Bidding is based on the premise that the 

lowest available to bidders starts with the proposition to take 

seven tricks, i.e. one cannot contract to make less than seven 

tricks. Given this, the bidding is said to start at the one-level 

when contracting for a total of seven tricks, at the two-level for 

eight tricks and so on to the seven-level to contract to take all 

thirteen tricks. Thus, there are 35 possible contracts, five at 

each of the seven levels. The dealer begins the bidding, and 

the turn to speak passes clockwise. At each turn a player may 

either make a bid or pass. It is also possible to ‘double’ an 

opponent’s bid, or to ‘redouble’ the opponent’s ‘double’, thus 

increasing the score of the bid when won, and the penalties, 

when lost. If someone then bids higher, any previous ‘double’ 

or ‘redouble’ are cancelled. If all four players pass on their 

first turn to speak the hand is said to be passed out. The cards 
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are thrown in and the next board is played. If anyone bids, then 

the auction continues until there are three passes in succession, 

and then stops. In this case the last bid becomes the contract. 

The pair who made the final bid will now try to make the 

contract. The first player of this pair who mentioned the 

denomination (suit or no trumps) of the contract becomes the 

declarer. The declarer's partner is known as the dummy. The 

player to the left of the declarer leads to the first trick and may 

play any card. Immediately after this opening lead, the 

dummy's cards are exposed. Play proceeds clockwise. Each of 

the other three players in turn must, if possible, play a card of 

the same suit that the leader played. A player with no card of 

the suit led may play any card. A trick consists of four cards, 

one from each player, and is won by the highest trump in it, or 

if no trumps were played by the highest card of the suit led. 

The winner of a trick leads to the next, and may lead any card. 

Dummy takes no active part in the play of the hand. Whenever 

it is dummy's turn to play, the declarer must say which of 

dummy's cards is to be played. When dummy wins a trick, the 

declarer specifies which card dummy should lead to the next 

trick. When the play ends, the score is determined by 

comparing the number of tricks taken by the declaring side to 

the number required to satisfy the contract. 

A match of Bridge can be played either among teams (two or 

more) of four players (two partnerships), or among pairs. At 

the end of a match among teams the result is the difference in 

International Match Points (IMPs) between the competing 

teams, which are further converted to a fixed number of 

Victory Points (VPs) appointed between the competing teams. 

The table converting the IMPs to VPs has been obtained by a 

rigorous mathematical manipulation [2]. 

In our applications we refer to matches among pairs. For a 

pairs event a minimum of three tables (6 pairs, 12 players) is 

needed, but it works better with more players. The usual 

method of scoring in a pairs’ competition is in Match Points 

(MPs). Each pair is awarded two MPs for each pair who 

scored worse than them on each game’s session (hand), and 

one MP for each pair who scored equally. The total number of 

MPs scored by each pair over all the hands played is 

calculated and it is converted to a percentage. In a pairs’ event 

and for the needs of the present work we characterize the 

player performance according to the percentage of success, 

say p, as follows: 

� Excellent (A), if p > 65%. 

� Very good (B), if 55% < p ≤65%. 

� Good (C), if 48% < p ≤55%. 

� Mediocre (D), if 40% ≤  p ≤48%. 

� Unsatisfactory (F), if p < 40%. 

Note that, although the above characterization is based on the 

usual standards of Bridge, it could not be considered as being 

generally acceptable, since the percentages of the player 

success depend upon the difficulty of the hands played, upon 

the opponents’ playing skills and upon various other special 

conditions of each game. 

For the fundamentals and the rules of Bridge, as well as for the 

conventions usually played between the partners we refer to 

the famous book [4] of Edgar Kaplan (1925-1997), who was 

an American Bridge player and one of the principal 

contributors to the game. Kaplan’s book was translated in 

many languages and was reprinted many times since its first 

edition in 1964. Nowadays, apart from the many books, 

papers and magazines devoted to Bridge, there is also a fair 

amount of Bridge-related information on the Internet [1, 7], 

etc. 

The Hellenic Bridge Federation (HBF), established in 1965, 

organizes, among many others, Simultaneous Bridge 

tournaments (pair events) with pre-dealt boards, played by the 

local clubs in several cities of Greece. Each of these 

tournaments consists of six in total events, all of them played 

in a particular day of a week, for six in total (usually 

successive) weeks. In each of these events there is a local 

scoring table for each participating club, as well as a central 

scoring table, based on the local results of all participating 

clubs, which are compared to each other. At the end of the 

tournament a total scoring table is also formed in each club for 

the individual performance of the players. In this table each 

player’s score equals to the mean value of his/her scores 

obtained in the five of the six in total events of the tournament. 

If a player has participated in all the events, his/her worst score 

is dropped out. On the contrary, if he/she has participated in 

less than five events, his/her name is not included in this table 

and no possible extra bonuses are awarded to him/her. Our 

applications of Section 4 are related to such kind of 

simultaneous tournaments. 

3. Fuzzy Numbers 

3.1. Basic Concepts 

Although FL finds today applications to almost all sectors of 

human activity (e.g. see [14], Chapter 6 of [6], etc.) its 

mathematics does not belong to the topics of classical 

mathematics, which is based on the principles of Aristotle’s 

bi-valued logic. Therefore, many of the potential readers of 

this article could not be too familiar to the principles and 

methods of FL. In our effort to facilitate the better 

understanding of the article for the non-expert reader, we shall 

start with the definition of a fuzzy set [20], which is given as 

follows: 
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1. Definition: A fuzzy set A on the universal set U (or a fuzzy 

subset of U) is a set of ordered pairs of the form Α = {(x, 

mΑ(x)): x U}, defined in terms of a membership function mΑ : 

U  [0,1] that assigns to each element of U a real value from 

the interval [0, 1]. 

The value mΑ(x) is called the membership degree of x in A. 

The greater mΑ(x) is, the better x satisfies the characteristic 

property of A. The definition of the membership function is 

not unique depending on the user’s subjective choice, which is 

usually based on statistical or empirical observations. 

However, a necessary condition for a fuzzy set to give a 

reliable description of the corresponding real situation is that 

its membership function’s definition is compatible to the 

common logic. Note that many authors, for reasons of 

simplicity, identify a fuzzy set with its membership function, 

while others represent it as a symbolic sum (finite or an 

infinite series according to the cardinality of U), or as a 

symbolic integral, when U has the power of the continuous. 

For example, the probabilistic approach yields the natural 

language statement “there is an 85% chance that Mary is tall”, 

while the fuzzy terminology corresponds to the expression 

“Mary’s degree of membership within the set of tall people is 

0.85”. The semantic difference between these two expressions 

is significant: The first one supposes that Mary is or is not tall 

(still caught in the law of the Excluded Middle); it is just that 

we only have an 85% chance of knowing in which set she is in. 

In contrast, fuzzy terminology supposes that Mary is “more or 

less” tall, or some other linguistic term corresponding to the 

value of 0.85. 

A crisp subset A of U can be considered as a fuzzy set in U 

with mΑ(x) = 1, if x A and mΑ(x) = 0, if x A. In this way 

most properties and operations of crisp sets can be extended to 

corresponding properties and operations of fuzzy sets. 

The process of reasoning with fuzzy rules involves: 

� Fuzzification of the problem’s data by utilizing the suitable 

membership functions to define the required fuzzy sets. 

� Application of FL operators on the defined fuzzy sets and 

combination of them to obtain the final result in the form 

of a unique fuzzy set. 

� Defuzzification of the final fuzzy set to return to a crisp 

output value, in order to apply it on the real world 

situation for resolving the corresponding problem. 

For general facts on fuzzy sets we refer to the book of Klir & 

Folger [6]. 

FNs play an important role in fuzzy mathematics, analogous to 

the role played by the ordinary numbers in classical 

mathematics. The definition of a FN is the following: 

2. Definition: A FN is a fuzzy set A on the set R of real 

numbers with membership function mA: R  [0, 1], such 

that: 

� A is normal, i.e., there exists x in R such that mA(x) = 1, 

� A is convex, i.e., all its a-cuts A
a 
= {x U: mA (x)  a}, with 

a in [0, 1], are closed real intervals, and 

� Its membership function y = mA (x) is a piecewise 

continuous function. 

As a counter example, Figure 1 represents the graph of a fuzzy 

set on R which is not convex. In fact, we observe that A
0.4

 = [5, 

8.5]  [11, 13], i.e. A
0.4 

is not a closed interval. 

 

Fig. 1. Example of a non-convex fuzzy set on R. 

Since the x-cuts A
x
 of a FN, say A, are closed real intervals, 

we can write A
x
 = [ ] for each x in [0, 1], where 

 are real numbers depending on x. The following 

statement defines a partial order on the set of all FNs: 

3. Definition: Given the FNs A and B we write A B (or ) if, 

and only if, and  (or ) for all x in [0, 1]. 

Two such FNs are called comparable, otherwise they are 

called non comparable. 

4. Remark: One can define the four basic arithmetic operations 

on FNS in two, equivalent to each other, ways [5]. In practice 

these two general methods of the fuzzy arithmetic, requiring 

laborious calculations, are rarely used in applications, where 

the utilization of simpler forms of FNs is preferred. 

For general facts on FNs we refer to Chapter 3 of the book of 

Theodorou [12], which is written in Greek language, and also 

to the classical on the subject book of Kaufmann and Gupta 

[5]. 

3.2. Triangular Fuzzy Numbers 

TFNs are the simplest form of FNs. A TFN (a, b, c), with a, b, 

c in R actually expresses the fuzzy notion that “the value of b 

lies in the interval [a, c]”. The membership function of (a, b, c) 

is zero outside the interval [a, c], while its graph in [a, c] 

consists of two straight line segments forming a triangle with 

the OX axis (Figure 2). 
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Fig. 2. Graph and COG of the TFN (a, b, c). 

Therefore the analytic definition of a TFN is the following: 

5. Definition: Let a, b and c be real numbers with 

a < b < c. Then the TFN (a, b, c) is a FN with membership 

function: 

 

The following two Propositions refer to basic properties of 

TFNs that we are going to use later in the paper: 

6. Proposition: The x-cuts A
x
 of a TFN A = (a, b, c), x [0, 1], 

are calculated by the formula 

A
x
 = [ ] = [a + x(b - a), c - x(c - b)] 

Proof: Since A
x
 = {y R: m(y  x}, Definition 6 gives for the 

case of  that  = x 

y = a + x(b – a). Similarly for the case of we have 

that  = x y = c - x(c - b). 

7. Proposition: (Defuzzification of a TFN) The coordinates (X, 

Y) of the COG of the graph of the TFN (a, b, c) are calculated 

by the formulas X = , Y = . 

Proof: The graph of the TFN (a, b, c) is the triangle ABC of 

Figure 2, with A (a, 0), B(b, 1) and C (c, 0). Then, the COG, 

say G, of ABC is the intersection point of its medians AN and 

BM. The proof of the Proposition is easily obtained by 

calculating the equations of AN and BM and by solving the 

linear system of these two equations. 

8. Arithmetic Operations on TFNs: It can be shown [10] that 

the two general methods of defining arithmetic operations on 

FNs lead to the following simple rules for the addition and 

subtraction of TFNs: 

Let A = (a, b, c) and B = (a1, b1, c1) be two TFNs. Then 

� The sum A + B = (a+a1, b+b1, c+c1). 

� The difference A - B = A + (-B) = (a-c1, b-b1, c-a1), where –

B = (-c1, -b1, -a1) is defined to be the opposite of B. 

In other words, the opposite of a TFN, as well as the sum and 

the difference of two TFNs are always TFNs. On the contrary, 

the product and the quotient of two TFNs, although they are 

FNs, they are not always TFNs, unless if a, b, c, a1, b1, c1 are in 

R
+
 [5] 

One can also define the following two scalar operations: 

� k + A= (k + a, k + b, k + c), k R 

� kA = (ka, kb, kc), if k > 0 and kA = (kc, kb, ka), if k < 0. 

3.3. Trapezoidal Fuzzy Numbers 

Another simple form of FNs that are frequently used in 

applications are the TpFNs. Roughly speaking, a TpFN (a, b, c, 

d) with a, b, c, d in R states that “a certain real value lies in the 

interval [b, c]”. Its membership function y=m(x) is constantly 

0 outside the interval [a, d], while its graph in this interval is 

the union of three straight line segments forming a trapezoid 

with the X-axis (Figure 3). 

 

Fig. 3. Graph of the TpFN (a, b, c, d). 

Therefore, the analytic definition of a TpFN is given as 

follows: 

9. Definition: Let a < b < c< d be given real numbers. Then the 

TpFN (a, b, c, d) is the FN with membership function: 

Y

B(b,1)

O

G
X

ΜA(α,0)

1

C(c,0)

N

, [ , ]

( ) [ , ]

0,        

x a
x a b

b a

c x
y m x x b c

c b

x a or x c

 − ∈ −
−= = ,        ∈ −

 < >



∈

,x x

l rA A

∈ ≥

x

lA
y a

b a

−
−

⇔
x

rA

c y

c b

−
−

⇔

3

a b c+ + 1

3

∈

Y

B(b,1)

O XA(α,0)

C(c,1)

F(b,0) E(c,0) D(d,0)



 American Journal of Business and Society Vol. 1, No. 2, 2016, pp. 32-41 37 

 

 

10. Remarks: (i) A TFN (a, b, d) can be considered as a special 

case of the TpFN (a, b, c, d) with b=c, i.e., the TpFNs are 

generalizations of TFNs. 

(ii) It can be shown [5] that the arithmetic operations of 

addition and subtraction of TpFNs, as well as the 

corresponding two scalar operations defined for them in 

paragraph 8, can be performed in the same way with TFNs. 

Also, the product and the quotient of two TpFNs, although 

they are FNs, they are not TpFNs in general, apart from some 

special cases [5]. 

The following definition is introduced to be used later in the 

paper for assessing the Bridge player skills with the help of 

TpFNs / TFNs: 

11. Definition: Let Ai, i = 1, 2,…, n be TpFNs / TFNs, where n 

is a non-negative integer, n 2. Then we define the mean 

value of the Ai’s to be the TpFN / TFN: A= (A1 + A2 + …. + 

An). 

We close this section with the following Proposition, which 

utilizes the COG technique for defuzzifying TpFNs: 

12. Proposition: The coordinates (X, Y) of the COG of the 

graph of the TpFN (a, b, c, d) are calculated by the formulas 

X = , Y = . 

Proof: We divide the trapezoid forming the graph of the TpFN 

(a, b, c, d) in three parts, two triangles and one rectangle 

(Figure 3). The coordinates of the three vertices of the triangle 

ABE are (a, 0), (b, 1) and (b, 0) respectively, therefore by 

Proposition 7 the COG of this triangle is the point C1 

( ). Similarly one finds that the COG of the triangle 

FCD is the point C2 ( ). Also, it is easy to check that 

the COG of the rectangle BCFE, being the intersection of its 

diagonals, is the point C3 ( ). Further, the areas of the 

two triangles are equal to S1 =  and S2 = 

respectively, while the area of the rectangle is equal to S3 = c - 

b (in all cases the corresponding height is 1, since the TpFN (a, 

b, c, d) is a normal fuzzy set on R). 

It is well known then [11] that the coordinates of the COG of 

the trapezoid, being the resultant of the COGs Ci (xi, yi), i=1, 2, 

3, are calculated by the formulas 

X = , Y =  (1), where S = S1 + S2 + S3 = 

 is the area of the trapezoid. 

The proof of the Proposition is completed by replacing the 

above found values of S, Si, xi and yi, i = 1, 2, 3, in formulas (1) 

and by performing the corresponding calculations. 

4. Applications 

In order to illustrate the use of the TFNs and the TpFNs as 

tools for assessing the Bridge players’ performance we 

present here two applications from the simultaneous 

tournaments of the HBF mentioned at the end of Section 2. 

Our new fuzzy assessment method is validated by using in 

parallel with it in these two applications two traditional 

assessment methods, the calculation of the mean values and 

of the GPA index. 

Application 1: This application concerns the third event of a 

simultaneous tournament played on Wednesday, March 12, 

2014, in which 17 clubs in total participated from several 

cities of Greece (see results in [3]). Among those clubs were 

included the two Bridge clubs, let’s call them C1 and C2 

respectively, of the city of Patras. Nine in total pairs from club 

C1 played in this event obtaining the following scores in the 

central scoring table: 62.67%, 57.94%, 56.04%, 55.28%, 

50.43%, 46%, 44.75%, 39.91% and 36.16%. Also, eight pairs 

in total from club C2 played in the same event obtaining the 

following scores: 63.14%, 57.64%, 56.86%, 50.17%, 50.13%, 

43.28%, 42.11% and 36.63%. 

For the evaluation of the two clubs’ overall performance, let us 

start first with the two traditional assessment methods: 

i) Mean values: The above player scores give an average 

percentage 49.91% for the first and 50% for the second club. 

This means that both clubs demonstrated a good (C) mean 

performance with the performance of the second club being 

marginally better. 

ii) GPA index: We recall that the GPA index is a weighted 

average obtained by assigning greater coefficients to the 

higher scores [11]. Therefore GPA is focused on the quality 

performance rather, than on the mean performance of the 

clubs. In order to calculate GPA we depict the data of the two 

clubs’ performance in Table 1 as follows: 
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Table 1. Results of the two Bridge clubs. 

First club (C1) 

Scale Levels of performance Number of pairs Frequencies 

>65% A 0 0 

>55% B 4 4/9 

>48% C 1 1/9 

>40% D 2 2/9 

<40% F 2 2/9 

Second club (C2) 

Scale Levels of performance Number of pairs Frequencies 

>65% A 0 0 

>55% B 3 3/8 

>48% C 2 2/8 

>40% D 2 2/8 

<40% F 1 1/8 

Then, the GPA index is calculated by the formula 

GPA = 0nF + 1nD + 2nC + 3nB + 4nA        (1), 

where nF, nD, nC, nB and nA denote the corresponding 

frequencies. Replacing the values of the frequencies from 

Table 1 to formula (1) and performing the corresponding 

calculations one finds the GPA values 
16

9
≈  1.78 for the first 

and 
15

8
≈  1.88 for the second club. Thus, the second club 

demonstrates a better quality performance. 

Note that it is always 0 ≤  GPA ≤  4, since in case of the ideal 

performance we have nF = nD = nC = nB = 0 and nA =1, while in 

case of the worst performance we have nF = 1 and nD = nC = nB 

= nA = 0. Therefore, the GPA values 1.78, 1.88, being smaller 

than half of the value of the ideal performance (4:2=2), 

indicate a less than satisfactory quality performance for both 

clubs. 

Next, we shall utilize the TFNs and the TpFNs for assessing 

the overall performance of the two clubs: 

iii) TFNs: We correspond to each level of performance a TFN, 

denoted for reasons of simplicity by the same letter, as follows: 

A = (65, 82.5, 100), B = (55, 60, 65), C = (48, 51.5, 55), D = 

(40, 44, 48) and F = (0, 20, 40). The left entry of each of the 

above TFNs is equal to the lower score assigned to the 

corresponding level of performance, the right entry is equal to 

the higher one and the middle entry is equal to the mean value 

of all scores assigned to this level. Note that the lower score of 

each level is equal to the higher score of the next (lower) level. 

This manipulation is necessary for assigning a TFN to each of 

the decimal scores being at the boundaries between two 

successive TFNs; e.g. the percentage 39.25% corresponds to 

the TFN F, etc. 

In this way, a TFN can be assigned to each player 

characterizing his/her individual performance
*
. Therefore, 

observing Table 1, one finds that we have 9 and 8 in total 

TFNs characterizing the individual performance of each 

player of the first and the second club respectively. 

Consequently, it looks logical to consider the mean values of 

the above TFNs (Definition 11) for evaluating the overall 

performance of each club. 

For simplicity, let us denote these values by C1 and C2 

respectively. Then it is straightforward to check that 

C1 = 
9

1
(4B + C + 2D + 2F) ≈  (38.67, 46.61, 54.56) 

and 

C2 = 
8

1
(3B + 2C + 2D + F) ≈  (42.62, 48.88, 55.12). 

Defuzzifying the TFNs C1 and C2 (Proposition 7) one finds the 

values 46.61 and 48.87 respectively for the x-coordinates of 

the COGs of their graphs. But the above COGs lie in a 

rectangle, whose side on the X axis has length 100 units 

(player scores), while its other side has length one unit 

(normal fuzzy set, see Definition 2). Therefore the two clubs 

demonstrated a fair (D) and a good (C) overall performance 

respectively. 

(iv) TpFNs: We assign to each player of the first club a TpFN 

Pi, i = 1, 2,…., 9, as follows: P1 = (55, 60, 62.67, 65), P2 = (55, 

57.94, 60, 65), P3 = (55, 56.04, 60, 65), P4 = (55, 55.28, 60, 65), 

P5 = (48, 50.43, 51.5, 55), P6 = (40, 44, 46, 48), P7 = (40, 44, 

44.75, 48), P8 = (0, 20, 39.91, 40), P9 = (0, 20, 36.16, 40). 

Observe that the left entry of each of the above TpFNs is equal 

to the lower score assigned to the corresponding level of 

performance and the right entry is equal to the higher one. 

Further, one of the two middle entries is equal to the mean 

value of all scores assigned to the corresponding level of 

performance, while the other one is equal to the percentage 

achieved by the player. 

In the same way we assign to the players of the second club the 

following TPFNs: P1 = (55, 60, 63.14, 65), P2 = (55, 57.64, 60, 

65), P3 = (55, 56.86, 60, 65), P4 = (48, 50.17, 51.5, 55), P5 = 

(48, 50.13, 51.5, 55), P6 = (40, 43.28, 44, 48), P7 = (40, 42.11, 

44, 48), P8 = (0, 20, 36.63, 40). 

It is logical to accept that the overall performance of each club 

can be evaluated by the mean values of the TpFNs assigned to 

its players. Let us denote these values by P and P΄ respectively. 

Then it is straightforward to check that 

                                                             
*
 The characterization of a player’s performance by a TFN instead of a simple 

letter indicating his/her level of performance has the advantage of determining 

numerically the scores assigned to the corresponding level, which, as we have 

already explained, are not standard in all cases. 



 American Journal of Business and Society Vol. 1, No. 2, 2016, pp. 32-41 39 

 

P = 
1

9

9

1=
∑ i
i

P  ≈  (36.44, 45.3, 51.22, 54.56) 

and 

P΄ = 
1

8

8

1=
∑ i
i

P ≈  (42.62, 49.6, 51.35, 55.12). 

Defuzzifying the TpFNs P and P΄ (Proposition 12) one finds 

the values 46.65 and 49.47 respectively for the x-coordinates 

of the COGs of their graphs. 

Therefore the two clubs demonstrated a fair (D) and a good (C) 

overall performance respectively. 

Comparison of the assessment methods: The outcomes of the 

four in total assessment methods used are depicted in Table 2: 

Table 2. Outcomes of the assessment methods. 

Method Outcomes 

Mean values 
Both clubs demonstrated a good mean performance, with 

the performance of C2 being marginally better. 

GPA index 
Both clubs demonstrated a less than satisfactory quality 

performance, with the performance of C2 being better. 

TFNs/TpFNs 
C1 demonstrated a fair (D), while C2 demonstrated a good 

(C) overall performance. 

The difference between the mean (good) and the quality (less 

than satisfactory) performance of the two clubs found by 

applying the first two traditional assessment methods can be 

easily explained, since the GPA index assigns greater 

coefficients to the higher scores. Therefore, the two fuzzy 

assessment methods (TFNs/TpFNs), which assign no weights 

to the higher scores, are comparable to the calculation of the 

mean values only. The difference found in this case for the 

performance of C1 (good and fair respectively) is due to the 

different philosophy of the assessment methods involved. In 

fact, the method of the mean values is based on the principles of 

Aristotle’s bi-valued logic, while the methods of the TFNs and 

TpFNs are based on the principles of Zadeh’s multi-valued FL. 

Application 2: This application is related to the total scoring 

table of the players of club C1, who participated in at least five 

of the six in total events of another simultaneous tournament 

organized by the HBF, which ended on February 19, 2014 (see 

results in [5]). Nine men and five women players are included 

in this table, who obtained the following scores. Men: 57.22%, 

54.77%, 54.77%, 54.35%, 54.08%, 50.82 %, 50.82%, 49.61%, 

47.82%. Women: 59.48%, 54.08%, 53.45%, 53.45%, 47.39%. 

Here we shall use the same assessment methods for evaluating 

the overall performance of the men and women players. 

i) Mean values: The above player scores give a mean 

percentage of approximately 52.7% for the men and 53.57% 

for the women players. Therefore the women demonstrated a 

slightly better mean performance than the men players, their 

difference being 0.87%. 

ii) GPA index: The player scores are summarized in Table 3: 

Table 3. Total scoring of the men and women players. 

Men 

Scale Level of performance Number of players Frequencies 

>65% A 0 0 

>55% B 1 1/9 

>48% C 7 7/9 

>40% D 1 1/9 

<40% F 0 0 

Women 

Scale Level of performance Number of players Frequencies 

>65% A 0 0 

>55% B 1 1/5 

>48% C 3 3/5 

>40% D 1 1/5 

<40% F 0 0 

Replacing the frequencies in formula (1) one finds the GPA 

values 2 for both men and women players, which means that 

both demonstrated the same, satisfactory, quality performance 

iii) TFNs: The mean values of the TFNs corresponding to the 

men (M) and women (W) players are: 

M = 
9

1
(B + 7C + D) ≈  (47.89, 51.61, 55.33) 

and 

W = 
5

1
(B + 3C + D) ≈  (47.8, 53.9, 55.6) 

Defuzzifying the TFNs M and W (Proposition 7) one finds the 

values 51.61 and 52.43 respectively for the x-coordinates of 

the COGs of their graphs. Therefore both the men and women 

players demonstrated a good (C) overall performance, with 

the women performance being better. 

iv) TpFNs: The men players can be represented by the TpFNs: 

P1 = (55, 57.22, 60, 65), P2 = P3 = (48, 51.5, 54.77, 55), P4 = 

(48, 51.5, 54.35, 55), P5 = (48, 51.5, 54.08, 55), P6 = P7 = (48, 

50.82, 51.5, 55) P8 = (48, 49.61, 51.5, 55), P9 = (40, 44, 47.82, 

48). 

In the same way, the women players are represented by the 

TpFNs: P1 = (55, 59.48, 60, 65), P2 = (48, 51.5, 54.08, 55), P3 

= P4 = (48, 51.5, 53.45 55), P5 = (40, 44, 47.39, 48). 

The mean values of the above TpFNs are 

P = 
9

1 9

1=
∑ i
i

P  ≈  (47.89, 50.94, 53.32, 55.33) 

and 

P΄ = 
8

1 5

1=
∑ i
i

P ≈  (42.62, 51.6, 53.67, 56.2). 
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Defuzzifying the TpFNs P and P΄ (Proposition 12) one finds 

the values 51.3 and 51.72 respectively for the x-coordinates of 

the COGs of their graphs. Therefore both men and women 

demonstrated a good (C) overall performance with the women 

performance being better. 

Comparison of the assessment methods: The outcomes of the 

four in total assessment methods used are depicted in Table 4: 

Table 4. Outcomes of the assessment methods. 

Method Outcomes 

Mean values 

Men and women demonstrated a good mean 

performance, with the performance of women being 

better. 

GPA index 
Both men and women demonstrated the same, 

satisfactory quality performance. 

TFNs/TpFNs 
Both men and women demonstrated a good (C) overall 

performance, with the women performance being better. 

In concluding, men and women players demonstrated good 

mean and quality performances. But while the mean 

performance of women was better, the quality performance of 

men and women was the same. 

Remark: The evaluation method utilizing the TFNs is always 

applicable. On the contrary, when the number of players under 

assessment is big enough, the use of the TpFNs instead is 

practically difficult. For example, in case of having 50 players, 

we need 50 TpFNs and laborious calculations. 

The use of TpFNs however, when applicable, obviously gives 

more precise outcomes. In Application 1 for instance, the 

TFNs determined the performance of C1 and C2 to be in the 

intervals [38.67, 54.58] and [42.62, 55.12] respectively, while 

the TpFNs determined it to be in the intervals [45.3, 51.22] 

and [49.6, 59.35]. Analogous outcomes were obtained in 

Application 2 for the men and women players. 

5. Conclusion 

A combination of the TFNs /TpFNs and of the COG 

defuzzification technique was applied in this work for assessing 

the overall performance of different clubs and of men and 

women Bridge players. The outcomes of this new fuzzy 

assessment method were validated through the parallel use of 

two traditional methods of the bi-valued logic, the calculation 

of the mean values and of the GPA index. All these methods are 

not proposed of course for replacing the well-established 

official scoring techniques of the game of Bridge (pair and team 

events), but they could be useful for statistical evaluation in a 

variety of cases (clubs, geographical regions, men and women, 

senior and young, old and new players, etc.). 

On a wider basis, the use of the FNs seems to have the 

potential of a general assessment method, which could be find 

applications in many other sectors of the human activity, like 

learning, problem solving, decision making, intelligent 

systems, sports, etc. [18]. 
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