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Abstract
The unsteady flow of Micropolar Maxwell fluid over a stretching surface is investigated in this paper numerically. The
governing partial differential equations are transformed into nonlinear ordinary differential equations by using a similarity
transformation. The numerical results are guaranteed in comparison with the previous under special assumptions. The effects
of elasticity number and material parameter on velocity and micro-rotation profiles are presented and discussed in aid of tables
and graphs.
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1. Introduction
The manufacturing of adhesive tapes, hot rolling, glass
blowing and plastic sheets use the Non-Newtonian fluids as
cooling fluids such as polymers melts and solutions. The
process starts with extrusion of melting fluid from a die then
it is drawn through a stationary fluid with steady velocity as
shown in Figure 1. The process is subjected to a transverse
magnetic field. At the end of cooling, the sheet is formed into
the required shape by a wind-up roll. This process exists in a
lot of expensive applications of Metallurgy, extrusion of
polymers and the chemical manufacturing.
The mechanical properties of the final product are the main
objective of the process which can be enhanced by
controlling the cooling rate, see ref. [1], the physical
properties of the cooling medium such as its thermal
conductivity which play an important role in the cooling rate
and the fluid viscosity which determine the required drag
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force to pull the sheet. The stretching sheet velocity and the
physical properties of the cooling medium state the
boundary-layer thickness and the skin-friction coefficient
above the stretched surface.

Figure 1. Schematic for flow above stretching surface.

In the most manufacturing process, the water is the most
widely cooling liquid used such as in glass bowling, plastic
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films, rubber sheets, etc. the water at most exist in a mix with
oils or other molecules then the non-Newtonian properties
takes place in the study.
Recently, the MHD flow takes place in the petroleum and
metallurgical processes by using electrically conducting
fluids which use the magnetic field to control the properties
of the output product. The magnetic field has been used in
the process of purification of molten metals from nonmetallic inclusions, see ref. [2]. The investigations of that
kind of flow to predict the force required to withdraw these
sheets take place recently in many research because it has
applications in different areas such as petroleum production
and metallurgical processes. The complicated effects of the
viscosity, elasticity and other parameters on the boundary
layer for the viscoelastic fluid are formulated in a
mathematical model called Maxwell fluid starting from the
Cauchy equations of motion.
Sarpkaya [3] is the first one studied the non-Newtonian fluid
flow between two parallel plates for steady laminar flow.
Subhas et al. [2] presented a numerical solution for the
Maxwell fluid used to cool stretched sheet subjected to a
magnetic field, the study presented a good explanation to the
change of elasticity number, magnetic parameter and Prandtl
number on the temperature field above the sheet. Hayat and
Qasim [4] investigated the same problem in the presence of
Joule heating and thermophoresis.
The porous medium is considered while studying the
Maxwell fluid. Sadegly et al. [5] studied numerically the
flow of an upper-convected Maxwell fluid (UCM ) over
stretching plate using three different methods. Hayat et al. [6]
presented an analytical solution for unsteady MHD fluid in a
rotating viscoelastic fluid through a porous medium. Aliakbar
et al. [7] studied the effect of different parameters such as
viscosity, elasticity and radiative heat transfer on the
Maxwell fluid subjected to a transverse magnetic field using
Homotopy analysis method. Singh and Agarwal [8]
considered the variable thermal conductivity in the porous
medium.
The chemical reaction in combined with the magnetic field
on the Maxwell fluid also takes place. Swati et al. [9]
presented the transpiration effects on the Maxwell fluid
passing through a surface in the presence of magnetic field
and first order chemical reaction. The study declared that the
increase in the transpiration effect and the elasticity
parameter suppress the velocity field also the velocity
decreases and the concentration increase as the magnetic
parameter increase. Stanford [10] used the spectral relaxation
method together with the Chebyshev pseudo-spectral method
to study the Maxwell fluid past a stretching vertical sheet in
the presence of thermophoresis and chemical reaction.
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On the other hand, the Micropolar fluids theory is one of the
theories describes the fluids with microstructures, see ref.
[11], the theory formulates the existence of suspended
particles (spherical shapes at most) in a viscous medium,
where its deformation is ignored, this theory modified the
Navier-Stokes equation for the classical hydrodynamics to
open the field for a lot of applications consisting this type of
complex fluids, Aldawody and Elbashbeshy [12] presented a
numerical investigation for the boundary layer equations over
stretching surfaces in Micropolar fluid subjected to magnetic
field and thermal radiation. Shit et al. [13] considered the
same study but for the porous medium. Haque et al. [14]
studied the Micropolar fluid in the porous medium with
constant heat and mass flux in steady MHD free convection.
Aurangzaib et al. [15] studied the mixed convection for the
MHD flow of Micropolar fluid along an inclined stretching
surface.
In the present work, the numerical investigation of the
elasticity parameter effect in combined to the Micropolar
effect is presented while stretching surface subjected to a
transverse Magnetic field. The effect of the magnetic
parameter, elasticity parameter, and the Micropolar effect on
the skin friction, the velocity profile and the microrotation
profile are presented graphically and the results for the skin
friction are tabulated too.

2. Mathematical Formulation
Consider an incompressible, viscous, and unsteady state flow
of non-Newtonian Maxwell fluid over a two dimensional
stretching surface in the presence of a micropolar effect. The
surface stretching velocity is
=
and the surface is
assumed impermeable, i.e.
= 0 . The x-axis is chosen
along the stretching surface in the direction of the motion and
y-axis is normal to it. The flow configuration is illustrated in
Figure 1. A uniform magnetic field is applied normal to
the stretching surface. The magnetic Reynolds number is
assumed to be small so that the induced magnetic field will
be neglected. The mathematical model governing this type of
flow can be formulated as follows [11]
+
+

2
+

=
+

+

+
=

=0
+
!

"

(1)

+

−
−

"

+

+
(2)

2# +

(3)

subjected to boundary conditions
at & = 0;

( , 0* = 0, ( , 0* = 0, lim

→/

( , 0* = 0 (4)

30

Elsayed Mohamed Abdel Rahman Elbashbeshy et al.: Unsteady Flow of Micropolar Maxwell Fluid
over Stretching Surface in the Presence of Magnetic Field

for & > 0; ( , 0* =
= , ( , 0* = 0, #( , 0* =
−5 , lim →/ ( , 0* = lim →/ ( , 0* = 0
(5)
Equation (1) introduces the continuity equation where and
are the
and 0 components of the fluid velocity,
respectively. Equation (2) introduces the -momentum of the
flow where the micro-rotation is # , the relaxation time
parameter is , 6 is the electrical conductivity, and the vortex
viscosity is 7. The density is 8 and the dynamic viscosity is
for the fluid. Equation (3) introduces the micro-rotation of
the flow where the micro-inertia per unit mass is 9 = / , the
spin gradient is ; , and & is the time. The constant 5 takes
different values; 5 = 0 for strong concentration and 5 = 0.5
for weak concentration. The Maxwell fluid is viscous for
> 0 and 7 > 0 while it is inviscid when = 7 = 0.
The mathematical analysis of the problem is simplified by
introducing the following dimensionless similarity variables
B

> = 1 − @ AB ; C = D 0; G = H
EF

> I(C*; # =

B

DEF J(C*

(6)

to convert the partial differential equations into nonlinear
ordinary differential equations where > is the unsteadiness
parameter, C is a dimensionless variable, and G is the stream
function. The dimensionless functions are I and J . The
continuity equation (1) is satisfied by assuming
=

K

=

I L (C*,

=−

K

= −H

>I(C*

(7)

where prime denotes the differentiation with respect to C .
Upon using equations (6-7), the governing equations are
reduced into the dimensionless form
N

(1 + M*I LLL + (1 − >*CI LL + >(II LL − I L − OI L * +
>P(2II L I LL − I I′′′* + MJL = 0
(8)
1+

R

N

JLL + (1 − >*(J + CJ′* + >(IJL − I L J* −
M>(2J + I′′* = 0
(9)

I(0* = 0; I L (0* = 1; J(0* = −5I LL (0*

(10)

limS→/ I L (C* = 0; limS→/ J(C* = 0

(11)

where the elasticity number is P =
and the material
parameter is M = 7/8 = 7/T. The skin friction coefficient
takes the form
UV =

WX

Y /

= (T +

+ 7*

+ 7#

Z

[\

(12)

where ] is the skin friction and the modified-skin friction is
UV H^@ = −> A\._ `1 + P + (1 − 5*MaI LL (0*

(13)

where the local Reynolds number is
^@ =

YX
b

(14)

The final equations 8 and 9 in combined with the boundary
conditions 10 and 11 will be solved numerically with the
fourth/fifth order Runge-Kutta method which programmed
such done by Elbashbeshy and Abdelgaber [16]

3. Results and Discussion
Tables 1-3 present a comparison with others. The tables show
an excellent agreement for different settings. Table 1 presents
the results for the modified skin friction at P = 0 considering
the steady state (> = 1) and strong concentration (5 = 0) in
comparison with Aldawody and Elbashbeshy [12], Qasim et
al. [18], and Ishak et al. [17]. Table 2 considers a weak
concentration ( 5 = 0.5 ). Finally, Table 3 presents a
comparison for −I LL (0* with Subahs et al. [2], Swati et al.
[9], and Sadeghy et al. [19].
Table 4 introduces a tabulated data for −I LL (0* and the
modified skin friction at different settings. The first part in
Table 4 shows the effect of the material parameter M at P = 0
with strong concentration ( 5 = 0 ). The value of −I LL (0*
decreases while the modified skin friction increases by
increasing the values of M which explains the increase in the
shear stress. Part 2 of Table 4 presents the same response for
weak concentration (5 = 0.5). By comparing parts 1 and 2,
the modified skin friction for strong concentration is a little
higher than for weak concentration. Part 3 in Table 4
introduces the previous settings in part 1 considering the
Maxwell fluid (P = 0.2). It shows a decrease in −I LL (0* and
an increase in the modified skin friction.
For high elasticity parameter P, the viscosity and resistivity
of the fluid are increased inducing more friction within the
fluid and reducing the velocity of the flow. These effects
appear in the increasing of the modified skin friction and
−I LL (0* as tabulated in parts 4 and 5 of Table 4 for strong
and weak concentration (neglecting the micropolar effect
M = 0), respectively. The two previous parts show that the
concentration has no effect on the modified skin friction if
M = 0. Part 6 of Table 4 shows the effect of P in combination
with micropolar effect (M = 2). It presents an increase in the
modified skin friction in comparison with part 4.
Parts 7 and 8 of Table 4 present the effect of > for the
Maxwell fluid (P = 0.4) considering the micropolar effect
(M = 2) on the modified skin friction. The modified skin
friction decreases with increasing the unsteadiness parameter
> . The weak concentration enhances the decrease of the
modified skin friction in comparison with the strong one.
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The last part of Table 4 presents the effect of O for the
Maxwell fluid (P = 0.4) considering the micropolar effect
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(M = 2) on the modified skin friction. The modified skin
friction increases with increasing the magnetic parameter O.

Table 1. Comparison of UV H^@ with others at P = 0, > = 1, and 5 = 0 for different values of M.

i
0
1
2
4

Modified Skin Friction de Hfgh
Aldawody [12]
1
1.3679
1.6213
2.0043

Qasim [18]
1
1.367872
1.621225
2.004133

Ishak [17]
1
1.3679
1.6213
2.0042

The effect of magnetic parameter M is tabulated in table 5 for
the Micropolar fluid in the absence and existence of elasticity
parameter. Totally, the skin friction in the presence of
elasticity number P = 0.2 is larger than for P = 0 (it means
the absence of elasticity parameter), also as the magnetic
parameter M increases the skin friction increases. Physically,
the magnetic field as mentioned before induced Lorentz drag
force which delaying the transition from laminar to turbulent
flow.

Present results
0.999999
1.36793
1.62133
2.0054

Table 6 presents the effect of the material parameter on the
skin friction with and without magnetic field. The skin
friction in the absence of the magnetic field is lower than the
case when magnetic field exist (the physical case explained
before). When the material parameter increases the skin
friction decreases. Physically, as the material parameter
increase, by extension, the vortex increases then the velocity
increases which finally decrease the skin friction.

Table 2. Comparison of UV H^@ with others at P = 0, j = k, and 5 = 0.5 for different M values.

i
0
1
2
4

Modified Skin Friction de Hfgh
Aldawody [12]
1
1.2247
1.4142
1.7343

i

o

0

0

Concentration
Strong 5 = 0
Weak 5 = 0.5
Strong 5 = 0
Strong 5 = 0
Weak 5 = 0.5
Strong 5 = 0
Strong 5 = 0

n
0
0.2
0.4
0.6
0.8
1.2
1.6
2

Qasim [18]
1
1.224741
1.414218
1.732052

Ishak [17]
1
1.2247
1.4142
1.7343

Present results
0.99999
1.22463
1.41421
1.73205

Table 3. Comparison of −eLL (l* with others at j = k and m = l for different values of n and i.
Subahs et al. [2]
0.999962
1.051948
1.101850
1.150163
1.196692
1.285257
1.368641
1.447617

j
1

1

1

0

1

2

0.4
0.8

2

1

Sadeghy et al. [19]
1
1.0549
1.10084
1.15016
1.19872

Table 4. The modified skin-friction at different values of 5, P, M O, and >.
i
0
1
2
0
1
2
0
1
2
0

1

Swati et al. [9]
0.999963
1.051949
1.101851
1.150162
1.196693

n
0

o
0

0

0

0.2

0

0.4
0.6
0.8
0.4
0.6
0.8
0.4
0.6
0.8
0.4

0

0

0

0

−eLL (l*
1
0.683965
0.540446
1
0.816382
0.707106
1.051889
0.720763
0.570292
1.10903
1.150137
1.196711
1.101903
1.150137
1.196711
0.599089
0.626929
0.653857
0.448511
0.553371

Present results
0.999999999
1.051889896
1.101903319
1.150137398
1.196711332
1.285363315
1.368758413
1.447650711

de Hfgh
1
1.367930
1.621338
1
1.224573
1.414212
1.2622668
1.5856786
1.8249344
1.552642
1.8402192
2.1540798
1.5426642
1.8402192
2.1540798
2.0369026
2.2569444
2.4846566
2.41113774
2.10353779
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Concentration
Weak 5 = 0.5
Strong 5

0

j
1
0.4
0.8
1
1
1
1

i

n

o

2

0.4

0

2

0.4

2
4
6

Figures 2 and 3 show that the horizontal velocity
decreases with the increase of the magnetic field O, while
the maximum value of the angular velocity increases.
Physically, the applied transverse magnetic field produces

n l
m l
0.6839934895
0.9711103427
1.1939447695
1.5494551300

Table 6. The effect of M on I LL (0* at >
i
0
1
2
4

o l
m l
1.02618386
0.70254461
0.55552930
0.41226401

1, M

1.

n l. p
m l
0.7207631152
0.9966696096
1.2146964386
1.5654591339

m l. q
0.8148290403
1.1376612105
1.3785962272
1.7545691903

1, P

o k
m l
1.4322949564
0.9839349899
0.7801006216
0.5805102157

m l. q
1.0261838594
0.8377350055
0.7256435070
0.5924968441

de Hfgh
2.0369026
2.20685365
1.93008712
1.8691608
4.1299664
5.3225606
6.2999076

a drag force called Lorentz force which induced a
decrease in the velocity of the flow, thus the boundary
layer thickness decreases.

Table 5. The effect of O on I LL (0* at >
o
0
1
2
4

−eLL (l*
0.599089
0.581557
0.719301
0.778817
1.214696
1.565459
1.852914

m l. q
0.8584804508
1.1662048701
1.4014698208
1.7719279365
0.1.
m l. q
1.4322949745
1.1519940368
0.997209511
0.8158140185

The microrotation viscosity 7 coefficient measures the deviation
of non-Newtonian flow of the Micropolar fluids from the
Navier-Stokes model. When the microrotation viscosity is zero,
the conservation law of the linear momentum becomes
independent of the presences of the microstructures. The
microrotation viscosity 7 is the material parameter M in
dimensionless form. This viscosity control the angular rotation
of the microstructure, Figures 4 and 5 show that when the
material parameter M increases, the horizontal velocity field
increases for the same > while the maximum of the angular
velocity decreases, then the boundary layer thickness increases.
Figure 2. The Effect of O on the Velocity at >
5 0.5.

Figure 3. The Effect of O on the Microrotation at >
5 0.5.

1, P

1, P

0, M

0, M

1, and

1 and

Figure 4. The Effect of M on the Velocity at >
5 0.5.

1, P

0.1, O

1 and
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maximum value of the angular velocity.
Figure 8, shows the horizontal velocity profile change while
the flow come to steady state, as seen the velocity decreases
until reaches the steady state velocity at > 1, also figure 9
shows the increase in the maximum angular velocity with
time increase.

Figure 5. Microrotation profile at different M at > = 1, P
5 0.5.

0.1, O

1 and

Figure 8. The Effect of > on the Velocity at P
5 0.5.

Figure 6. The Effect of P on the Velocity at >
5 0.5.

1, M

1, O

0.4, M

1, O

1 and

1 and

Figure 9. Microrotation profile at different > at P
5 0.5.

0.4, M

1, O

1 and

4. Conclusions

Figure 7. Microrotation profile at different P at >
5 0.5.

1, M

1, O

1 and

The elasticity number P is the ratio of the relaxation time
characterizing the time it takes a material to adjust to applied
stresses or deformation and the characteristic time scale of an
experiment probing the response of the material. This
number measures the effectiveness of the elasticity parameter
on the flow, as seen in Figure 6, while the elasticity number
increases the velocity decreases, physically, at high elasticity
number, the material behaviour approaches the solid
behaviour dominated by elasticity, thereby slowing down the
flow velocity. Figure 7 shows a slight increase in the

In this paper, the fourth/fifth-order Runge-Kutta method is
used to investigate the effect of magnetic field on boundary
layer flow over an unsteady stretching surface in a Maxwell
fluid. A comparison with previously published work was
performed and the results were found to be in excellent
agreement. The effects of the previous parameters on the
flow, the local skin friction, and microrotation profile are
carried out. It is found that
1. Increasing the magnetic field produces Lorentz force that
decreases the velocity of the flow then the boundary layer
thickness decreases. Also, it increases the maximum value
of the angular velocity.
2. Increasing the values of material parameter increases the
flow velocity and decreases the maximum value of the
angular velocity while the opposite occur with increasing
the elasticity parameter.
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a Maxwell fluid in a porous medium and rotating frame,
Physics Letters A 372. Vol. 372 (2008), issue (10), 1639-1644.

3. The modified skin friction increases with increasing the
elasticity parameter, Magnetic field, and the material
parameter.
[7]

V. Aliakbar, A. Alizadeh-Pahlavan, and K. Sadeghy: The
influence of thermal radiation on MHD flow of Maxwellian
fluids above stretching sheets. Communications in Nonlinear
Science and Numerical Simulation. Vol. 14 (2009), issue (3),
779--794.

[8]

Singh, V., and Agarwal, S.: MHD Flow and Heat Transfer for
Maxwell Fluid over an Exponentially Stretching Sheet with
Variable Thermal Conductivity in Porous Medium. Thermal
Science. vol. 18 (2014), issue (2), S599--S615.

[9]

Swati Mukhopadhyay, M. Golam Arif and M. Wazed Ali Pk:
Effects of transpiration on unsteady MHD flow of an upperconvected Maxwell (UCM) fluid passing through a stretching
surface in the presence of a first order chemical reaction.
Chin. Phys. B. Vol. 22 (2013), issue (12), 124701.

Nomenclature
Magnetic field

I, J
9
M
5,

Dimensionless
functions
The micro-inertia per
unit mass
The material
parameter, 7/8. =
7/T

T
8

P

#

The micro-rotation.

;

O

Magnetic parameter=
6 /8

C

&

the vortex viscosity

6

Time

G

Velocity of solid
surface=
Velocity components
,
, 0 Spatial Coordinates
Greek symbols
Unsteadiness
>
parameter =1 − @ AB

Fluid density
The relaxation time of
the fluid

Constants

7

Dynamical viscosity
Kinematical viscosity=
T/8

The elasticity
parameter, = .
The spin-gradient
viscosity
Dimensionless

coordinate= H / >0
The electrical
conductivity
The stream function=
H

>I(C, >*

Subscripts
w
∞

Condition on the wall
Free stream condition
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