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Abstract 

Thermodynamic properties and Debye-Waller factors of metallic Nickel described in terms of cumulant expansion up to the 

fourth order in X-ray absorption fine structure (XAFS) of metallic Nickel have been studied based on anharmonic correlated 

Debye model. Analytical expressions for dispersion relation, correlated Debye frequency and temperature, and four first XAFS 

cumulants have been derived which involve more information of phonons taken from integration over the phonon wave 

numbers varied in the first Brillouin zone. Derived anharmonic effective potential includes contributions of all nearest 

neighbors of absorber and backscattering atoms to take into account three-dimensional interaction and Morse potential 

parameters for describing single pair atomic interaction. Numerical results are found to be in good and reasonable agreement 

with experiment and with those of the other theories. 
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1. Introduction 

XAFS (X-ray absorption fine structure) has developed into a 

powerful probe of atomic structure and thermal effects of 

substances [1-11]. According to cumulant expansion [1] the 

anharmonic XAFS function including anharmonic 

contributions of atomic vibration is given by [2] 
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where k and λ are the wave number and mean free path of 

emitted photoelectron, respectively, F(k) is the real atomic 

backscattering amplitude, ( )kΦ  is net phase shift, N is atomic 

number of a shell, 2
0S is the intrinsic loss factor due to many-

electron effects, R r=  with r  as the instantaneous bond 

length between absorber and backscatterer atoms, 0r  is its 

equilibrium value, and σ(n) (n = 1, 2, 3, 4 …) are the cumulants. 

Hence, XAFS Debye-Waller factor is described in terms of 

cumulants, where the first cumulant is the net-thermal 

expansion, the second one describes the mean square relative 

displacement (MSRD), the third cumulant characterizes the 

phase shift and the fourth one contributes to XAFS amplitude. 

Then, the accurate cumulants are crucial to quantitative 

treatment of anharmonic XAFS spectra, so that the lack of 

the precise cumulants has been one of the biggest limitations 

to accurate structural determinations (e.g., the coordination 

numbers and the atomic distances) from XAFS experiment. 

Therefore, investigation of XAFS cumulants is of great 

interest. 

Our development in this work is to derive a method for the 

calculation and analysis of the thermodynamic quantities and 

XAFS Debye-Waller factors described in terms of cumulant 

expansion up to the fourth order of metallic Nickel (Ni) 

having fcc structure based on the anharmonic correlated 
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Debye model (ACDM). In Sect. 2, the analytical expressions 

for dispersion relation, correlated Debye frequency and 

temperature, first, second, third, and fourth cumulants of 

metallic Ni have been derived. The obtained cumulants 

contain more information taken from integration over the 

phonon wave numbers varied in the first Brillouin zone (BZ). 

Based on the success of the anharmonic effective potential 

used in the anharmonic correlated Einstein model (ACEM) 

[2-6] in XAFS theory due to taking into account three-

dimensional interaction in a simple measures by including 

contributions of all nearest neighbors of absorber and 

backscattering atoms, in this work we develop further such 

anharmonic effective potential for higher expansion up to the 

fourth order. Numerical results for Ni (Sect. 3) are compared 

to experiment [7] and to those calculated using the other 

methods [3,8] which show good and reasonable agreement. 

2. Formalism 

2.1. High-Order Anharmonic Effective 
Potential 

To determine Debye-Waller factors described in terms of 

cumulants, it is necessary to specify the interatomic potential 

and force constant [1-11]. Let us consider a high-order 

expanded anharmonic interatomic effective potential 

expanded up to the fourth order 

( ) 2 3 4
3 4 0

1
,

2eff eff eff effV x k x k x k x x r r≈ + + = −  ,                (2) 

where effk is effective local force constant, 3effk  and 4effk  are 

effective anharmonic parameters giving an asymmetry of the 

anharmonic effective potential, x is deviation of the 

instantaneous bond length between two immediate 

neighboring atoms r from its equilibrium value r0. 

The effective potential Eq. (2) is defined based on an 

assumption in the center-of-mass frame of single bond pair of 

absorber and backscatterer [3]. For monatomic crystals, the 

masses of absorber and backscatterer are the same so that it is 

given by 
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where the first term on the right concerns only absorber and 

backscatterer atoms, the remaining sums extend over the 

remaining neighbors, and the second equality is for fcc 

structure of Ni. Hence, this effective pair potential describes 

not only pair interaction of absorber and backscatterer atoms 

themselves, but also an affect of their near neighbors on such 

interaction. It is the difference of our effective potential from 

the single-pair (SP) [9] and single-bond (SB) [10] potentials 

which concern only each pair of immediate neighboring 

atoms, e.g., only V(x), without the remaining terms on the 

right of Eqs. (3). 

A Morse potential is assumed to describe single-pair atomic 

interaction contained in the effective potential Eq. (3), and 

expanded up to the fourth order around its minimum 
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where α describes the width of the potential, and D is 

dissociation energy. 

Applying this Morse potential Eq. (4) to Eq. (3) and 

comparing the results to Eq. (2), we determine the 

coefficients 3 4, ,eff eff effk k k  of the anharmonic effective 

potential in terms of Morse potential parameters. 

2.2. Dispersion Relation, Correlated Debye 

Frequency and Temperature 

In this work we generalize the pair model of Eq. (3) to that of 

a linear chain with the same effective potential in order to 

account for the effects of dispersion. Then, based on [12] for 

the case of vibration between absorber and backscattering 

atoms and using interatomic effective potential for fcc 

structure of Ni, the dispersion relation is expressed as 

( ) 5
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where q is phonon wave number, M is mass of composite 

atoms, and a is lattice constant. 

At the bounds of the first BZ of the linear chain, /q aπ= ± , 

the frequency has maximum so that we get the correlated 

Debye frequency Dω  and temperature Dθ  in the following 

form 

5
2 , D

D D
B

D

M k

ωω α θ= = ℏ ,                (6) 

where Bk  is Boltzmann constant. 

2.3. Four First XAFS Cumulants 

We describe the parameter x in terms of the displacement of 

nth atom nu  of the one dimensional chain as 

1n n nx u u+= − ,                           (7) 

where the displacement 'nu s  are related to phonon 

displacement operators qA  [13] by 
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Applying nu from Eq. (8) to Eq. (7), the parameter nx  is 

given by 
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q
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In order to include anharmonic effects, Hamiltonian of the 

system is written in the summation of harmonic and 

anharmonic components, 0H  and aH , respectively 

0 ,a a c qH H H H H H= + = +  ,             (10) 

where Ha consists of cubic Hc and quartic Hq term. 

If anharmonic contribution to the anharmonic interatomic 

effective potential consists of the cubic term, then it can be 

expressed as 
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or in the following form using Eq. (11) for the displacement 

of nth atom 
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Comparing Eq. (12) to Eq. (11) and indicating 
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with N as the atomic number, we obtain 

( ) ( ) ( ) ( ) ( )1 2 3 3 1 2 3 1 2 3, , effV q q q k q q q f q f q f q= ∆ + + .        (14) 

Using Eq. (9) and Eq. (13), this Eq. (14) is changed into 
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The first cumulant or net thermal expansion has been calculated with the aid of the many-body perturbation approach [14] 

using the expression 
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with taking backscattering only from the first shell. 

Substituting into Eq. (16) the relations [14] 
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ˆ
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0q = ,                                                               (18) 
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Using Wick theorem for T-product in the integral, the harmonic phonon Green function [14] 
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the symmetric properties of V(q1,q2,q3) [13], properties of 

function 'q,q −δ , the phonon density ( ) ( ) ( )( )1
, exp , 1 /

1q Bn Z q q k T
Z q

β ω β= = =
−

ℏ  ,            (21) 
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as well as ( )qω  from Eq. (5), f(q) from Eq. (9), ( )0∆  from 

Eq. (13) and phonon momentum conservation in the first BZ, 

we change further Eq. (19) to the one in terms of Morse 

parameters 
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For large N, the summation over q can be replaced by the 

corresponding integral, so that the first cumulant has resulted 

as 
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Now we calculate the second cumulant or MSRD 
2σ in the 

form 

( ) 22222 xxx ≈−== σσ .            (24) 

Using Eq. (5) for ( )qω , Eq. (9) for nx  and f(q), Eq. (13) for

( )q∆  and ( )0∆ , Eq. (20) for ( )tG 0
'q,q , and Eq. (17) for

qn , we calculate 2x  to obtain the second cumulant in 

terms of Morse parameters 
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For large N, the summation over q can be replaced by the 
corresponding integral, so that the second cumulant is given 

by 
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The third cumulant has been calculated using the following 

expression 

xxxxxxx 23323)3( 323 −≈+−=σ .      (27) 

The calculation of 3x  is analogeous to the one of x  

above, i. e., 
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Using ( )S β from Eq. (17)with limiting only cubic 

anharmonic term,the Wick theorem for T- product and the 

symmetric properties of V(q1,q2,q3) [18], we calculated 3x  

of Eq. (28). The product xx 23  has been calculated 

using 2x from Eq. (25) and x from Eq. (22). 

Substituting the obtained 3x  and xx 23  into Eq. (28) 

with application of the relation for phonon momentum 

conservation in the first BZ, we obtain the third cumulant in 

terms of Morse parameters as 
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For large N, the summation over q can be replaced by the corresponding integral, so that the third cumulant is given by 

( )
1//

2 2
3

1 2 1 22 2 2 3

0 /

5
( , )

200

a qa

d

a
dq dq F q q

N D

ππ

π

σ
π α

−

−

= ∫ ∫
ℏ

 ,                                                                       (30) 

( ) ( ) ( ) ( )
( ) ( ) ( )

( ) ( )
( ) ( ) ( )

( ) ( )[ ] ( )

( )( ) ( )( ) ( )( ) .
111

61,
2121

2121

2121

21

2121

2121
21









−−−
−= +

++

+−+

+
+

+++

+
qqqq

qqqq

eee

ee

qqqq

qq

qqqq

qqqq
qqF ωβωβωβ

ωβωωβ

ωωω
ωω

ωωω
ωωω

ℏℏℏ

ℏℏ

   (31) 

For calculation of the fourth cumulant, the Hamiltonian of the system includes anharmonic contributions up to the fourth order, 

so that similar to Eq. (12) we obtain 
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The fourth cumulant has been calculated based on the following expression 

2 22 4(4) 4 3 2 2 4 24 3 12 6 3x x x x x x x x xσ = − − + − ≈ − .                                (34) 

The calculation of 4
x  is analogous to the one of x  above, and using 2

x from Eq. (25) we obtain 223 x . Substituting 

these values into Eq. (34) and using the phonon momentum conservation in the first BZ, the fourth cumulant Eq. (34) in terms 

of Morse parameters has resulted as 
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For large N, the summation over q can be replaced by the corresponding integral, so that the fourth cumulant Eq. (35) is given 

by 
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3. Numerical Results and 
Discussions 

Now we apply the expressions derived in the previous 

sections to numerical calculations for metallic Ni having fcc 

structure. We use the Morse parameters D = 0.4203 eV, α = 

1.4199 Å-1 [15] which were obtained using experimental 

values for the energy of sublimation, the compressibility, and 

the lattice constant, as well as its measured Morse parameters 

(MMP) D = 0.41 eV, α = 1.39 Å-1 [7]. They have been used 

for calculating the effective local force constant keff, 

correlated Debye frequency Dω  and temperature Dθ  of Ni. 

The results are written in Table 1 compared to the 

experimental values [7] which show reasonable agreement. 

Fig. 1 illustrates good agreement of the anharmonic effective 

potential (Fig. 1a) and dispersion relation (Fig. 1b) of Ni 

calculated using the present theory compared to those 

obtained from its MMP [7]. The anharmonic effective 

potential (Fig. 1a) is shifted from the harmonic term to be 

asymmetric due to including the anharmonic effects, and the 

maximal frequencies ω(q) (Fig. 1b) at aq /π±= are equal 

to the Debye frequencies of Ni written in Tab. 1. 
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Fig. 1. a) Anharmonic effective interatomic potential and b) dispersion 

relation of Ni calculated using the present theory compared to experiment 
(Expt.) obtained from its MMP [7]. 

 

 
Fig. 2. Temperature dependence of a) interatomic distance R(T) and b) 

second cumulant σ2(T) of  Ni calculated using the present theory compared 
to the experimental values [7] and to those calculated using ACEM [3] and 

PIEP [8] for σ2(T). 

 

 
Fig. 3. Temperature dependence of a) third cumulant σ(3)(T) and b) fourth 

cumulant σ(4)(T) of  Ni calculated using the present theory compared to the 
experimental values [7]. 

Table 1. The values of , ,eff D Dk ω θ  for Ni calculated using the present theory 
compared to the experimental values [7]. 

Quantities ( )/effk N m  ( )1310D Hzω ×  ( )D Kθ  

Ni, Present 67.9150 5.2637 376 
Ni, Expt. [7] 63.4596 5.0881 378 

Fig. 2 shows good agreement of the interatomic distance R(T) 

= R(0) + σ(1)(T) (Fig. 2a) obtained from the first cumulant 

σ(1)(T) or net thermal expansion and of the second cumulant 

σ2(T) or MSRD (Fig. 2b) of Ni calculated using the present 

theory with the experimental values [7] and with those 

calculated using the ACEM [3] and the path-integral effective 

potential (PIEP) method [8]. Further, reasonable agreement 

with the experimental values [7] at different temperatures has 

been presented for the third cumulant σ(3)(T) (Fig. 3a) and for 

the fourth cumulant σ(4)(T) (Fig. 3b) of Ni calculated using 

the present theory. Moreover, all the numerical results show 

that at high-temperature the first and second cumulants are 

linear to the temperature T, the third and fourth cumulants 

vary as T2 and T3, respectively, as it was obtained in the other 
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theories [11], and at low-temperature, they contain zero-point 

energy contributions, a quantum effect. 

4. Conclusions 

In this work, a method has been derived for the calculation 

and analysis of the thermodynamic parameters and high-

order expanded XAFS Debye-Waller factors described in 

terms of cumulants of metallic Ni based on the anharmonic 

correlated Debye model with considering dispersion relation 

to take more information of phonons taken from integration 

over the phonon wave numbers varied in the first BZ and the 

anharmonic effective potential involving the contributions of 

all nearest neighbors of absorber and backscattering atoms to 

take into account three-dimensional interaction. Morse 

potential is used for describing the single-pair interatomic 

interaction. Moreover, since Ni has fcc structure, the present 

derived theory can also be generalized to study other metals 

having the same this crystal structure. 

Derived analytical expressions for the anharmonic 

interatomic effective potential, dispersion relation, correlated 

Debye frequency and temperature, as well as four first XAFS 

cumulants satisfy all their fundamental properties showing 

that at high-temperature the first and second cumulants are 

linear to the temperature T, the third and fourth cumulants 

vary as T2 and T3, respectively, and at low-temperature they 

contain zero-point energy contributions, a quantum effect. 

The good and reasonable agreement of numerical results for 

metallic Ni with experiment and with those calculated using 

the other theories illustrates the advantage and efficiency of 

the present theory and of using the anharmonic effective 

potential in XAFS data analysis. 
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