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Abstract

This paper is the study of invariant differential operator on homogeneous space. We study how a manifold structure for the
quotient group of a Lie group can be seen as a homogeneous space and the invariant differential operator on homogeneous

space is commutative when homogeneous space symmetric.
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1. Introduction

In the area of mathematics, most importantly in the theory of
Lie group a homogeneous space for a group is a non empty
manifold or topological space on which the group acts
continuously by symmetry in a transitive way.

In the theory of Lie algebra, the Poincaré-Birkhoff-Witt
(Poincaré (1990), G.D. Birkhoff (1937), Witt (1937);
frequently contracted to PBW theorem) is a result giving an
explicit description of the universal enveloping algebra of a
Lie algebra. The ‘PBW type theorem’ or even ‘PBW
theorem’ may also refer to various analogues of the original
theorem, comparing a filtered algebra to its associated graded
algebra, in particular, in the area of quantum groups.

In differential geometry, representation theory and harmonic
analysis, a symmetric space is a smooth manifold whose
group of symmetry contains inversion symmetry of every
point. Riemannian symmetric spaces arise in a wide variety
of situation in both Mathematics and Physics.

* Corresponding author

E-mail address: maria_akter@math.buet.ac.bd (M. Akter), salma@du.ac.bd (S. Nasrin)

2. Enveloping Algebra [3]

In this section, we discuss the definition of enveloping
algebra and some related topics of enveloping algebra. The
universal enveloping algebra is an alternative (algebraic)
version of the Campbell-Baker-Hausdorff theorem. Also, it
depends on several notions which are extremely important in
their own right, so we pause to develop them.

A map y:g = Ug is called a universal algebra of a Lie
algebrag, whereUg is an associative algebra with unit, if
following conditions are satisfied:

a. y is a Lie algebra homomorphism, i.e

itis linear and y[x, y] = y ())y (y) — vy )y ().

b. If H is any associative algebra with unit and f:g — H is
any Lie algebra homomorphism then there exists a unique
homomorphism h of associative algebras such that § = ho
Y.

It is also noted that if Ug exists, it is unique up to a unique
isomorphism. Then, such Ug is called universal enveloping
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algebra. Now if g is the Lie algebra of left invariant vector
fields on a group G, then g can be considered as a Lie algebra
consisting of all left invariant first order homogeneous
differential operators on G. Then Ugto consist of all left
invariant differential operators on G.

Now we want to construct Ug. Let, D be the ring of all left
differential operators on G and D™ consisting of those
differential operators with total degree at most n. The quotient
D™ /D™ ! consists of those homogeneous differential operators
of degree n. When we consider the left invariant differential
operators on a group, then we can take vector fields to be left
invariant and all the function coefficients to be constant.
Thus (Ug)™/(Ug)™ ! consists of all symmetric polynomial
expressions, homogeneous of degree n. This is the content of
the Poincaré-Birkhoff-Witt theorem.

Now, Let, V = g be a Lie algebra and let J be the two sided
ideal in Tg generated the elements [p,q] — p®q + q®p
then, Ug = Tg/] is a universal algebra for g.

Again if § is any homomorphism from g into an associative
algebra H , then [ extends to a wunique algebra
homomorphism p: Tg — H which must vanish on J only if it
is to be a Lie algebra homomorphism.

If d:g— Ris a Lie algebra homomorphism, then the
composition oz od:g — UR induces a homomorphism
Ug — UR and this assignment sending the Lie algebra
homomorphism into associative algebra homomorphism,

which is functorial.

Here, we consider g = g,:@4,,0;:9; — U(g;) andg:g = Ug
are the canonical homomorphism.

Let us define,

f:a - U(g)®U(gy),
fOq +x2) =01(x) ® 1+ 1Q0,(x5).

This is a homomorphism because both the x; and x,
commute. Thus we get a automorphism

@:U(g) — U(1)®U(g2).

Also, x; — o(x,) is a Lie algebra homomorphism of
g, = U(g) which thus extends to a wunique algebra
homomorphism a:U(g1) = U(g) and
az:U(gz) = U(9).

We have, a;(x1)a,(x;) = az(xz)ay(x1), % € 61,x; €63 ,
since [xq, x,] = 0.

similarly,

As the g;(x;) generate U(g;) the above equation holds with
x; replaced by arbitrary element, u; € U(g;),i = 1,2.

So we have a homomorphism

a:U(g1)®U(g2) — U(9);

That is, a(u; @u,) = ay (uy)a,(uy).

Then, we have,a o @(x; +x,) = a(x; ® 1) + a(1Q®x,) =

Soa o @ =id on g and hence onU(g) and @ o a(x; @1 +
1®x2) = xl ® 1 + 1®x2.

So @goa=id on g;®1+1Qg, and hence on

U(81)®U(g2).
Thus, U(8:®38,) = U(g1)®U(gz)-

3. Criterion for a Differential
Operator to Be Invariant [7]

Let, M be a differentiable manifold of dimension n and
C (M) denotes the space of complex functions on M. Again,
let, k € C*(M) and (¢, V) is a local chart on M. We suppose
that k o ¢~ 1 is a composite function defined on ¢ (V) and we
denote it by k* = ko @1, Also, Let, 21,2y, .. ..., Z, be the
coordinate functions of ¢ and f = (S, B2, - - ,Bn) be a n-
tuple of non-negative integers. We also consider

0; = %fori =12, .... ,n and

D =of,002, ..., 08

Let, C°(M) be the set of all functions with compact support
of C*(M).

Now, a linear map D: C;°(M) = C;°(M) is called a differential
operator on M if the following condition is satisfied:

For each q € M and each local chart (¢, V) around g there
exists a finite set of functions bg € C* (V) such that for each
k € C°(M) is contained in V and

(D)) = Xpbs W [DPk*| (@ () ify €V, (DK)(¥) = 0
ifyev (1)

Now, let, L be a Lie group, then L is said to be a Lie
transformation group of M if for each [ € L which is
associated with a diffeomorphism ¢ (1) of M such that

(@ a(lWly) =o(ly)o(ly) forall 1,1, € L.

(b) (I,m) — a(l)m is a differentiable mapping from L x M
onto M.

If the action is transitive, then M is called a homogeneous
space. In this case we can say that M is diffeomorphic to the
quotient manifold L/N of left cosets [N, where N denotes the
isotropy group of some element in M. The action on L/N is
given left multiplication o (1) (xN) = IxN for all [, x € L.

Now suppose that L is a transitive Lie transformation group
of M. A differential operator D on M is called L-invariant if
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forallk € C*(M) andalll € L,

D(e(Dk) = a(D(Dk) (2)
where, [0(Dk](q) = k(a(l)q) forall g € M.

Now, we consider the notation D(m) for the algebra of L-
invariant differential operators on M. For each D € D(m), we
fix ¢ € M and we consider a local chart (¢, V) around q. Then
D has a local expression near g which is given in equation (1).
We define a polynomial in r variables Ry, R, ... ... ,R, by

B B 8,
P(R.R, ..,R.) = Xsb; (@)R,'R,’ .. .R.

Now, Dk(q) = [P(0;, 04, ... ... ,0.)k*1(p(q)) for every
k e ceM). (3)

From (2), we find,

Dk(a(D)q) = [P(84, 04, ... ... ,0.)a(Dk*](p(q)) for every
leLand k € C*(M). @)

Now we can say that D is uniquely determined by
polynomial P because the action of L on M is transitive.

Suppose that W is a linear space of finite dimension over a
field K of characteristic 0 and T(W) denote the tensor
algebra over W and I be the ideal of T (W) generated by the
set of element of the form MQN — NQM; M, N € W. Then,
the factor algebra S(W) = T(W)/I is called the symmetric
algebra over W. Also, If @1, Q5 ... ... , @, is a basis of W, then
S (W) can be identified with abelian algebra of polynomials
in the base element over K.

For a given Lie group L with Lie algebra [, let, S(I) be the
symmetric algebra of I,
multiplication. Now, from above discussion every D € D(L)
determines a unique polynomial P € §(I) such that

where L acts on itself by

(DK)(L) = [P(3y, 0z o ..., B )k(Lexp(2,Qy + -+ +
7,Qn))(0), 5)

foralll € L and all k € C*(L).

For P € S(1) arbitrary, (5) defines a left invariant differential
operator y(P)on L. Also, The map, which is defined by
y:S(D) = D(L), is a linear isomorphism.

Now, If Ty, Ty o, T, €1, then y(TyTy......T,) =
(@) X Ty Trzy o - Trqqy » the sum is taken over all
permutation 7 of {1,2, ... ... ,q}.

4. Commutativity of
Differential Operator on
Homogeneous Space

Let, G/K be a homogencous space of a Lie group G and
D(G/K) be the set of invariant differential operator on G /K.

And D(G/K) is also a subalgebra of all differential operators
onM.

Let, g, be the complexification of g and U(g) be the
universal enveloping algebra of g., where U(g)K denote the
subalgebra of all elements invariant for the adjoint action of
K. Here, the elements of U(g) act on G as left invariant
differential operators is the action which is generated by

MF(G) = =-|e=of (ge™), where, M € g and f € C*(G).

If we consider functions on G /Kas right K-invariant function
on G, then there exists a natural action of the element of
U(g)K on C®(G/K). Now we can easily verified that this
action is an action of differential operators on G/K and we
get a homomorphism of algebras q: U(g)K = D(G/K) and
U(g)K N U(g)h is an ideal of U(g)K and it is annihilated by
q. So we get a homomorphism g, from the quotient U(g)K/
(U(g)K nU(g)h) into D(G/K). Now we have following
proposition:

Proposition 1[2]: Assume that an K-invariant complement in
g belongs to h. Then q is an isomorphism from the algebra
U(a)K/(U(9)K N U(g)h) onto D(G/K).

Now, here we assume that G/K is a semisimple symmetric
space then we can apply proposition 1, since q is K-invariant.
We know that an element of D(G/K) is the Laplacian
operator L on G/K . Now, on any pseudo-Riemannian
manifold this is defined in local coordinates by

L= \/Id%tmlzu 0;+/|detm|m¥;,
where, m = m;; is the pseudo-Riemannian structure and mb
is the inverse matrix. Since pseudo-Riemannian structure is
invariant so, L is an invariant differential operator. We also
have the Casimir element Q in U(g) defined by Q=
Y vY X;X;, where X; is a basis of g and y” is the inverse
matrix of B(X;, X;). It can be seen that L and q() coincide
up to a positive scalar multiple. Now we will first give the
description of D(G/N), then we also give the explanation of
D(G/K), where G/K denotes the semisimple symmetric
space.

The decomposition of D(G/N) is based on the Iwasawa
decomposition g = by®a,Pd and on the PBW theorem.
From these we get, U(g) = (bo U(a)®U(g)d)BU(ay) .
Now we define a map ¢, from U(g) to U(ay) which is the
projection with respect to this decomposition. Since a, is
abelian, so we can find its universal enveloping algebra with
its symmetric algebra which is denoted by S(a,) instead of
U(ay)- Now, we can easily examine that the restriction of £,
to U(g)N is a homomorphism and £, annihilates U(g)d..

From the above proposition, we can say that £ is a
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homomorphism from D(G/N) to S(a). This homomorphism
is called the Harish-Chandra homomorphism. It is also
denoted by .

Now, let dy € ag be given by
1
EZ t‘x a
a € Y7 (ap, 9)

which is the half of the trace of ad on b, and let, T, be the
automorphism of S(a,) generated by T, (2) = z + do(2) for

d0=

Z € ay. We define a map eq: U(g)K — S(ag)by ey =Ty, ©
£,, which is called the Harish-Chandra isomorphism because
of the following theorem.

Theorem 2[2]: We know, the map e, is an algebra
isomorphism from D(G/N) to S(ay)V, is the set of V-
invariant element in S(a,) and it is independent of the choice
of ¥ (ao, 9).

Proof: We want to show that ey(D) is a V, -invariant
differential operator D and e, is bijective. We Consider the
spherical function f,onG/N. Also, Let, L:G = a, be the
Iwasawa projection.

Then, f,(G) = [ e~ @*+BIL™"W) gy, (6)

where, @« € ag, and g € G . It is clear that f, is smooth
function on G /N. At this moment we have the following two
results:

(a) For all D(G/N), the eigenfunctions are the spherical
functions. Thus, we have the Df, = ey(D,a)f,, for all
DeD(G/N) . The integrand in (6) is already an
eigenfunction with this eigenvalue.

(b) So we have fz, = f, forall g € V.

From (a) and (b) we can say that, e,(D, fa) = ey(D, ).
From these we can say that D(G/N) is commutative. Now,
we generalize this result for G/K. From the definition of
Caftan subspace, we know that, a Caftan subspace for G /K is
a maximal abelian subspace of W, consisting of semisimple
elements. If there exists a Caftan subspace a; containing a,,.
Then, a,, = a; N W. The elements of ad a; will be complex
eigenvalues. Now, here we had a root system Y;(a,., g.) for
aq,a,, and corresponding to each choice of positive set
Y*(as0 6c), an analog of the Iwasawa decompositiong, =
b,®a,.®Yh,., where b; is the sum of the root space
corresponding to the positive roots.

Now, for more general result we want to construct the
Harish-Chandra homomorphism which can be generalized by
setting a map £,:U(g) » U(a;) which is defined by a
projection with respect to the Iwasawa decomposition and
this gives a homomorphism from D(G/K)to S(a;). Now,

similar to the before if we define e =T, of,, where
d, € aj. is half of the trace of ad on b, and if we denote the
Weyl group of Y)(a,.,8.) by W;, then we have the following
theorem:

Theorem 3[2]: The map ¢ is an algebra isomorphism from
D(G/K) to S(a,)W; . Here, It is also independent of the
choice of Y. " (ay., g.).

Proof: We have already seen that in Theorem 2 D(G/K) is
isomorphic to U(g)K /(U (g)K n U(g)h).

Define, g" = d N HPp N wBi(dNg®wNDh) C g., then g"
is a real semisimple Lie algebra with the same
complexification as g.

Let,

At =dnHBi(wNh) =h.Ng", p" =p Nnwhi(dNw) =
w.Ng".

Then, g" = 4"@p™ is a Cartan decomposition of g™ and the
pair (g", 4™) is called the noncompact Riemannian form of
the pair (g,9). Let, ag = a,,®i(a;Nd) = a;.Ng". Now,
since af and a, have the same complexification, thus ag is a
maximal abelian subspace of p™. Also, the root system
Y(aic,8.) is essentially the same as the root system
Y.(al,a,) and their root spaces in g, are identical. Let,
(G™,N™) be a symmetric pair with (g™, &™), then G"/N™ is a
symmetric space. Now by Theorem 2 we get a Harish-
Chandra isomorphism ¢ on G"/N™ from U(g™)N™/
(U(N™ nU(g")dc) to S(ag)W™.

Since, we know that U(g")N™ = U(g)h, = U(g)K and
S(agy) = S(a)W;. Also, Thus, £ is identical with €. So, for
D(G/N), D(G/K) is a polynomial algebra with dima; of
independent generators and in particular D(G/K) is
commutative. In the terminology of the proof above actually
we have,

D(G/K) = D(G™/N™).

5. Conclusion

Here, we want to show that D(G/K) is not commutative if
G /K is not symmetric. So, let, G = SL(2, R) be a Lie group.
Then, if we consider K = {e} (the trivial group). In this case,
G/Kis diffeomorphic to G = SL(2,R) is not a symmetric
space and D(G/K) is isomorphic to the enveloping algebra
of sl(2, C), which is far from being commutative.
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