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Abstract

In this paper, a new three-step iterative scheme is introduced for finding the common element of the set of fixed points of a

nonexpansive mapping and the set of solutions of a variational inequality for a-inverse-strongly monotone mappings. The

result reveals that the proposed iterative sequence converges strongly to the common element of this two. And our studies can
be regarded as an extension of the existing results, which we illustrate one by one in our remarks.
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1. Introduction

Variational inequalities first studied by Stampacchia [1] in
1960s have played an important role in the development of
pure and applied mathematics. They have also witnessed an
explosive growth in theoretical progression, algorithmic
development, etc.; see e.g. [2-14]. Let H be a real Hilbert
space, whose inner product and norm are denoted by
(> -)and LI, respectively. Let C be a nonempty closed
convex subset of H and A a mapping from C to H. The
classical variational inequality problem is to find a vector
u € C such that

(Au,v—u) =0,

For all or v € C. The set of solutions of the variational
inequality is denoted by VI(C,A). A mapping A of C to H is
called o-inverse-strongly monotone [6] if there exists a
positive real number a such that

(Au,v — u) > al|Au — Av||?,

* Corresponding author

for any u,v € C. A mapping S of C into itself is called
nonexpansive [6] if

ISu —Svll < llu —vll,
for all u,v € C. We denote the set of fixed points of S by
F(S).
In order to seek for an element of F(S) N VI(C, A). Takahashi
and Toyoda [4] introduced the following iterative scheme
Xns1 = AnXy + (1 — ap)SPc(I — 1,A4)xp, 1

for every n = 0,1,2, ..., where x, € C,{a,} is a sequence in
(0,1) and 7, is a sequence in (0,2 @), P. is the metric
projection of H onto C. They proved that the iterative
consequences {x,,} generated by (1) converge weakly to an
element g € F(S) NVI(C,A) # @. For convenience, we will
use F = F(S) NVI(C,A) # @ through the whole paper.

On the other hand, liduka and Takahashi [5] put forward
another iterative scheme:

X1 = X + (1 — ap) SPc(I — 1,A)xy, 2
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for every n = 0,1,2, ..., where x, € C,{a,} is a sequence in
(0,1) 7, is a sequence in (0, 2a),and P; is the metric
projection of H onto C. It was proved that the iterative
consequences {x,} generated by (2) converge strongly to an
element g € F.

Furthermore, Yao and Yao [6] proposed the following mixed
gradient method:

x, =uecC,
Yn = PC(I - TnA)xn 3)
Xn+1 = ApU + ﬁnxn + 19n SPC(I - TnA)Yn'

for every n = 1,2, ..., where {@,}, {8}, {9,} are sequences
in (0,1) satisfied a,, + B, + 9, = 1, and 7, is a sequence in
(0, 2a), P is the metric projection of H onto C. They proved
that the iterative consequences defined by (3) converge
strongly to g = Ppu,, where Pru was the metric projection
of u onto F.

In recent years, many authors have studied some different
iterative schemes both in Hilbert spaces and Banach spaces,
see e.g. [2-14]. Inspired and motivated by those previous
researches, we suggest and analyze a new iterative scheme
for finding a common element of the set of fixed points of a
nonexpansive mapping and the solution set of a variational
inequality for a-inverse-strongly monotone mapping in real
Hilbert spaces. Strong convergence theorems are established
and the iterative methods considered by [4, 5, 7, 10] are
included in our results.

2. Preliminary

For convenience, we would like to list some definitions and
fundamental lemmas which are useful in the following
consequent analysis. They can be found in any standard
functional analysis books such as [15, 16].

Definition 2.1 A mapping f:C — Cis a contraction on C if
there exists a constant k € (0,1) such that

Ifw) — f@I < kllu—v|,Yu,veC.

Definition 2.2 A set-valued mapping T:H — 27 is called
monotone if for all x,y €H,f € Tx and g € Ty imply
(x—y,f—g)=0.

Definition 2. 3 A monotone mapping T: H - 2¥ is maximal if
its graph G(T) is not properly contained in the graph of any
other monotone mapping.

It is known that a monotone mapping T is maximal if and
only if, for (x,f) € HXH,{(x —y,f —g)=0 for every
(y,9) € G(T) implies f € Tx. Let A be a monotone mapping
of C into H and let N-(.) be the normal cone operator to C
defined by N (v)={weH:(w,v—u)=0,VuecC} .

Define

A(w) + N.(v),v € C,
@, otherwise.

T(w) = { @)

Then T is maximal monotone and 0 € T(v) if and only if
v € VI(C, A) (see [11]).

Definition 2.4 For every point x € H, there exists a unique
nearest point u in C, denoted by P.x, such that ||x — Pox|| <
[lx — y|| for all y € C. P, is called the metric projection of H
onto C.

It is well known that P is a nonexpansive mapping of H onto
C and satisifies (x —y,Pcx — Pcy) = ||Pcx — Ppyl|? for
every x,y € H.

Moreover, P, is characterized by the following properties:
(x — Pcx,y — Pcx) <0, forallx e H,y €C (5)
It is easy to see that the following is true:
u€eVI(C,A) & u=P(u— tlu),vt>0. (6)

Note that H satisfies Opial's condition [17], i.e., for any
sequence {z*} with z¥ — z,, the inequality

limy_,o, inflz* — z,|| < limy_ inf|lz¥ —z|| holds for

every z € H with z # z,.
Next we present some useful lemmas.
The following lemma is an immediate consequence of
equality:
llx + ylIZ = lIxlI* + 2¢y, x + y) — lIylI*.

Lemma 2. 1 Let H be a real Hilbert space. Then the following
inequality holds:

llx + ylIZ < lIxl* + 2(y,x + y),Vx,y €H.

Lemma 2. 2 (Osilike [14]) Let (E,{.,.)) be an inner space.
Then for allx,y,z€ Eand ,f,y € [0, 1] witha + S +y =
1, we have

llax + By + yzll*= allx|l* + Bllyll* + vzl —
apllx = ylI?
—ayllx — z|I> = Bylly — zII*.

Lemma 2. 3 (Xu [10]) Assume {a,} is a sequence of
nonnegative real numbers such that a,,, < (1 — w,) a,t€,,
where w, is a sequence in (0,1) and €, is a sequence such
that

(i). Xn=o wn=%;
(i1). lim,,_, o sup(i—':l < 0or Xnzilen] < oo

Then lim,,_,, a,, = 0.
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For convenience, we use — for strong convergence and --» for
weak convergence in the following analysis.

3. Main Results

In this section, we suggest and analyze a new iterative
scheme for finding the common element of the fixed points
of a nonexpansive mapping and the solution set of variational
inequalities for an a-inverse-strongly monotone mapping in a
real Hilbert space. Strong convergence theorems are
established and several special cases are also discussed.

Theorem 3. 1 Let C be a nonempty closed convex subset of a
real Hilbert space H. Let A be an o -inverse-strongly
monotone mapping of C into H and let S be a nonexpansive
mapping of C into itself such that F = F(S) nVI(C,A) #
@,f:C—>C be a contraction mapping with coefficient
k € (0,1). Suppose xy € C and {x,}, {y,.}, {z,} are given by

Yo = Opxp + (1 = 60,)SPc(I — 1,A)xy,

Zn = :an(xn) + (1 - .Bn)PC(I - TnA)Yn' (7)
Xn+1 = Anf(xn) + (1 — ) Sz, = 0,

where {a,},{B,},{0,} are three sequences in [0,1] and {z,,}
is a sequence in [0,2a]. Assume that {a,},{B,},{0,} are
chosen so that {t,} C [a, b] for some a,bwith0 < a < b <
2a, and

(C) limyy e @y = 0, X320 ap=0, X320 |y, — @p_q| < o0,
(C2) limn—»oo Bn=02X320Bn = oo, Zﬁiiﬂﬁn - Bn—ll <
0, hm =0,

n—oo dn
(C3) Yool Th — Thoal <0, X0Z00160, — 0,4 <

oo, lim,,,, 6, = 1.

Then the sequence {x,} converges strongly to g € F, where
q = Prf(q) or equivalently g satisfies
variational inequality:

the following

(I-f)g,q—p)<0,VpEF.

Proof: We first show that 1 — 7,4 is a nonexpansive

mapping. For all x,y € H, and 7,, € [0,2a], we have

- r,d)x — (1 - 7, Ayl

= |lx = yll* = 2 T,(x — y, Ax — Ay)
+ 7,2l Ax — Ay||
<|lx =yl* + (7 — 20)||Ax — Ay||?

<llx—=yll
which implies that I — 7,,A is nonexpansive .
For convenience, we set B, =P.(I1— 1,4)x,,Q, =
Pc(I = 7)) yn.

Then the iterative scheme (7) can be written as:

Yn = Opxp + (1 - Hn)SPn:
Zn = ﬁnf(xn) +(1- ﬁn)Qn' ®)

Xn+1 = anf(xn) + (1 - an) Szn,n = 0.

Let p € F. Then we have p = P.(1— t,A)p by (6) and
Sp = p. Since the proof of the theorem is rather long, it will
be more convenient to divide the process into several steps.

Step 1. We claim that {x,,} is bounded.

Since both P and I — 7,4 are nonexpansive mappings, we
have

1B = pll < 10 = 7, A)x, — (I = T, )l < |l =PI (9)

Similarly, we obtain that

1Q, —pll < lly, —pll. (10)

Combining (8) and (9), together with that S is nonexpansive
mapping, we see that

ly» —pll < llx, —plI. (1)
By (10) and (11), we get
10n — pll < llx, — pII-
Hence
llzn = pll < [1 = Ba(X = llxn — pll + Bullf (@) —pll.  (12)

From (12), we arrive at

%041 =PIl < aullf () = F@I + anllf ) — pll + (1 — ap)llz, — pll
< maxysofllx, — pll L2, (13)
By the method of induction, we have
llx, = pll < max{llxo — pll, L2y 2 . (14)

Therefore {x,} is bounded. Consequently, all those sequences
(P} {Qn}, {SP.}, {Ayn}, {AXy, ), and {f (x;,)} are bounded.

Step 2. We now in the position to prove that lim,,_,||x, —
Xn-1ll = 0.

Since both P; and I — 7,4 are nonexpansive mappings, we
first have

”Pn - Pn—l” < ”xn _xn—lll + | Tn — Tn—ll ' ”Axn—lll' (15)
By similar method, we have

”Qn - Qn—l” < ”yn Tn—ll ' ”A:Vn—lll- (16)

In view of (15), after simple calculation, we see that

—Ynall + 1y —

lyn = Vn-1ll < 2 — Xpqll + 1 Ty = ool - 1Axn 4l

+| Hn - en—ll(”xn—lll + ”SPn—lll) (17)
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By (16) and (17), we get

1z = zn—all < Ml = Xpoall + 1 Bn = Baa|(llf Cen-DIl +
Q1)

+ | gn - gn—ll(”xn—lll + ”SPn—lll)

7 = Toal(lAxn 1|l + |AYn-1)- (18)
In view of (18), we have
”Zn - Zn—l” < [1 - an(l - k)]”xn - xn—l” + Un» (19)
Where
=l an — g [l f Gen DIl + 1Sz 111+ | B —
Br-1l(lf Cen- Il + 11Qx 1)
10 = On g |21l + ISP 1l)
1ty = Tpoal(1Axp— 1l + [Ayp—1 D). (20)

By the conditions (C1), (C2) and (C3), we see that

Yoo lu,l < oo, and n=®(1 —k)a, =0, which
combining with Lemma 2.3, yields
limy, e || X, — Xp—11l = 0. 2n

Since Xpi1 — X = @ [f (xn) — x,] + (1 — @) Sz, — %),
together with (21) and the condition (C1) imply that
lim,,_,,||Sz, — x,|| = 0. (22)

Since ||x, — yull =(1- 6,) ||x, — SB,||, lim,_4 6, =1, and
|lx, — SB,|| is bounded, we have

liInn—wo”xn - yn” = 0. (23)

Furthermore, combining Lemma 2.2 with that [ — 7,4 is
nonexpansive, A is o -inverse-strongly monotone mapping,
{tn} c[a,b],and 0 < a < b < 2a, we obtain that

o = plI? = I Bulf () = p] = (1 = B)(Qn =PI
= .Bn“f(xn) - P”z

+(1 = B)lllxn —plI* + ald — 2a) |4y, — AplI*].  (24)
From (24), together with Lemma 2.2, we see that
llxn = plI? = llanlf () — Pl + (1 = @n(Sz, — P)II?
< oy + (@ = ap) Balllf (xn) — plI?
+Hlxn, = pll* + alb - 2a)llAy, — Apll®, (25)

which implies that

—a(b = 2a)|lAy, — Apll® < [ay + (1 — @) Balllf () — plI?

+”xn+1 - xn”(”xn - P” + ”xn+1 - p”) (26)
It follows from conditions (C1), (C2) and (21) that
limn—»oo”Ayn - p” =0. (27)

Step 3. We show that lim,,_,,[|SQ@, — Q.|| = 0.

Since ”SQn - Szn” < ”Qn - Zn” < Bn“f(xn) -
Qnll s If () — @ ll is bounded, and lim,_. B, =0, we
have

limn—»oo”SQn - SZn” =0. (28)
We now show that lim,,_,,||@, — y|| = 0.

Since

1Qn — plI? < = 7,y — (= 7,4)p,Qn — P)
= (0= Ay = (= T, )l + 110y — pII2
— [0 = Ay — (= 7,4)P] = (Qn — P)II*}

< 2 0lyn = I + 10 =PI = llyn = Qall®

+2 Tn(.Vn - Qn:Ayn - Ap)],

we get that

29)

10, = I < llxy = PII* = llyn — Qull*+2 Tallyn — Qull - 1Ay, — Apll. (30)

Hence

”xn+1 - P”z < [an + (1 - an) .Bn]”f(xn) - p”Z
+(1 - an)(l - Bn)”Qn - P||2-

It follows from (30) that

G

”xn+1 - P“z < [an + (1 - a'n) ﬁn]”f(xn) - P“z + ”xn - P“z
_(1 - an)(l - ﬁn)”Yn - Qn”2

Hence

(32)

(1 - a'n)(l - ﬁn)”yn - Qn”2 < [an + (1 - a'n) ﬁn]”f(xn) - P“z

FHlxps1 = x| Clly = 2l + 1040 =PI

+2 Tn”yn - Qn” ' ”A:Vn - AP”- (33)
Since
limy, e @, =1lim,_e Bn = 0,lim,ollXns1 — x5l =
lim, o [|Ay, — Apll =0, and |[f(x,) —pll, llx, —pll +
lxn+1 — PII, [y — Qnll are bounded,
we have
lim, o, ||y — Qnll = 0. (34)

It follows from (28), (22),(23) and (34) , together with
”SQn - Qn” < ”SQn - SZn” + "SZn - xn” + ”xn - yn” + ”yn - Qn”

that

lim,, 50 |ISQy, — Qull = 0. (35)
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Step 4. We prove that q, € F.

As {x,,} is bounded, there exists a subsequence {x;,} of {x;}

converges weakly to q,.
Since

1Qn — xnll < 1Q = ¥ull + llyn — xnll, combining (23) and
(34) we know that lim,_,.||Q,, — x,|| = 0.

Then Qy, > qo-
Next we show that g, € VI(C, A).
Let

A(w) + N.(v),v € C,
@, otherwise.

T(w) = {

where No.(v) ={w € H:(v —u,w) = 0,Yu € C}. Then T is
maximal monotone. Let (v,w) € G(T), where G(T) =
{(v,w):w € Tv}.

Since w — Av € Nov and Q, € C, we have (v—Q,,w—
Av) = 0,vn = 0.

On the other hand, from (5) and Q,, = P.(I — t,4) Yy,
we see that (v — Q,,, @, — (I — 7,4)y,) = 0,vn = 0. Then

Qni - YTli

ng

v =Qny +4y,)=0,Vn>0.

Thus
(U - Qni: W) = (U - Qni:Av)

Qni - ynl-

> (0= Qny AV) = (v = Qup—4

+A4y,)

i

Qni - ynl-)

Tn,

=(v—Qn,Av—Ay, -

Qn;=¥n;
= (U - Qni:AQni - Aynl-) - (U - Qni: T)

L

(36)

Putting i — oo, we have (v — gy, w) = 0.

Since T is maximal, we have g, € T~*(0). Hence q, €
VI(C,A).

Now let us show that g, € F(S). Assume that g, & F(S).
From Opial’s condition, we have

lim inf [|Qn, — qol| < lim inf [|Qn, — Sqo
< il_i)rg inf ||SQni - Sq0||

< limi—)oo lnf ”Qni - qO” (37)
This is a contradiction. Thus we obtain that g, € F(S).

Since Prf is a contraction mapping, by Banach's contraction
theorem, there exists a unique fixed point g of Pgf, that's

q = Pef(@).

Step 5. We prove that T}Lrg sup{f(q) — q,x, —q) < 0.

From (5), we know

lim sup(f(q) — q,x, — q) = limsup{f(q) —q,0n — q)
= limsup(f(q) = q,Qn,— @) = {f(@ —q.q0—q) < 0. (38)

Step 6. We claim that x,, = q. From Lemma 2.1 and Lemma
2.2, we obtain that

1 — qll*=llanlf () — g1 + (1 = a){S[Bulf (xn) + (1 = B)Qnl} — Sqll?

< (1 - an)zlls[ﬁn[f(xn) + (1 - Bn)Qn - SCI]HZ + Zan<f(xn) — 4 Xn+1 — Q)

< [(1 = an)? + anklllx, = qll* + 2, (1 = a)?If (x) — all - [If () — all

+ank”xn+1 - CI||2 + Zan((q) — 4 Xny1 — CI)-

Then we have
(1 - ank)”xn+1 - CI”Z < [1 - (2 - k)an + anz]”xn - CI”z
+26,(1 = ap)?llf (@) — qll - [If (x) — gl

+2a,(f (@) — g, Xn41 — Q)
That is

(40)

1-Q2-ka, +a,?
1-—a,k

”xn+1 - Q||2 < ”xn - CI||2

(39)
Z.Bn(l - an)z
W”f(‘l) —qll - [If Cxn) —qll
2a,
+1o ank(f(q) — 4 Xps1 — q)
2(1 -k)a, 5
< (1 —W> Il — qll
2(1-K)ay ﬁn(l_an)z Qn (f(@)-qxXn11—q)
1—ank L (1-K)an M, + 2(1-k) M; + 1-k ] (41)
where M, = supnso{llf (@) —all - [If(xx) —qll} , and

M; = suppso {llx, — qll*}.
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From (38) and conditions (C1), (C2) and (C3), lettingn — oo
yields

. Bn(1—ay)? an f(@)-q.%n11—q)
111Lrg sup v M, + PYORTE M5 + P ] <0. (42)
Let
_ 21 - k)a,
Sn =T ak T "

_ 2(1 - k)an ﬁn(l - an)z

T 1l-ak | A=K)a, ?
[¢4% (f(Q) — 4 Xnt1 — Q)

M .
* 20—-k) 3 + 1-k

Then ”xn+1 - CI||2 < (1 - Sn)”xn - q”2+tn'

. - . t
It is easy to check thats, = 0,XZ7 s, = o, lim supsl
n—-oo n

0.

IA

By Lemma 2.3, we see that

limy, o0 || — qll = 0. (43)

The proof is finished.

As an implication of Theorem 3.1, we have the following
corollary:

Corollary 3.1 Let C be a nonempty closed convex subset of a
real Hilbert space H. Let A be an o -inverse-strongly
monotone mapping of C into H and let S be a be a
nonexpansive mapping of C into itself such that F = F(S) n
VI(C,A) #@,f : C—> C be a contraction mapping with
coefficient k€ (0,1). Suppose that x, € C and {x,,}, {¥.}, {z}
are given by

Yn = Opxy + 1- en)PC u- TnA)xn'

Zn = :an(xn) + (1 - ﬁn)PC (I - TnA)yn:
Xn+1 = nf () + (1 — @y) Sz, n 2 0,

where {@,},{B,},{0,} are three sequences in [0,1] and {z,,}
is a sequence in [0,2a]. Assume that {a,},{B8,},{0,} are
chosen so that {t,} C [a, b] for some a,bwith0 < a < b <
2a, and

(C) limyy e @y = 0, X320 ap=0, X320 |y, — @p_q| < o0,

(C2) limy_e Br =0, ;11280 Bn 00, Zﬁiiﬂﬁn - Bn—ll <
o, lim Bn _ 0,

n—oo An
(C3) Ynzol T — Thoa| <00, XREF10, — 01| <

oo, lim,,, 6, = 1.

Then the sequence {x,,} converges strongly to q € F, where
q=Prf(q) or equivalently g satisfies
variational inequality:

the following

(I-f)g,q—p)<0,VpEF.

Proof: The conclusion follows from Theorem 3.1 by setting
S=1L

Theorem 3.1 extends the corresponding results of [4, 5, 7, 10].

Remark 3.1 Putting f =1,68, =1,6, =1 in Theorem 3.1,
we can get the iterative scheme provided by [4].

Remark 3.2 Putting f(x,) = xo, 8, = 0,0, = 1 in Theorem
3.1, we can get the iterative scheme provided by [5].

Remark 3.3 The proposition 3.1 of [7] is a special case of our
result.

In fact, letting 6,, = 1, B, = 0 in Theorem 3.1, we get
Xo € C,xny1 = anf (%) + (1 — ap)SPc(I — 1,4)xp.
Then
X, = q € F(S)NnVI(C,A) by Theorem 3.1.

Remark 3.4 Putting 5, = 1, 0,, = 0 in Theorem 3.1, we can
get the iterative scheme provided by [10].

Remark 3.5 The conditions in Theorem 3.1 can be easily
satisfied, for example

L g 1 _1, _n-1
Vn+8' " B '

a, = = T, =
n n+8 ™" 2n’" n

4. Conclusion

By introducing a new iterative scheme for variational
inequalities and nonexpansive mappings in Hilbert spaces,
we proved that the sequences generated by the iterative
scheme strongly converge to a common element of the fixed
points of a nonexpansive mapping and the solution set of
variational

mapping.

inequality for a -inverse-strongly monotone
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