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Abstract
Within the EPR paradox for polarizations of particles the question is formulated: whether a source of pairs of oppositely flying
particles emits them in an entangled state or as individual particles with their own polarizations. To answer this question the
simplest Bell’s inequality for photons is proposed. It can be checked in a single measurement. The outcome of the possible
measurement with account of experimental limitations is calculated.
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1. Introduction
In the EPR paradox, formulated for polarizations of particles
[1] the main question is: if a source emits pairs of particles
flying in opposite directions, are these particles emitted in an
entangled state, or they are independent individual particles
with their own polarizations. To answer this question the
Bell’s inequality was devised [2-4]. It suggests four
coincident measurements by two analysers of polarization
with four different orientations of their axes. The performed
experiments [5-7] even declared to show evidence in favour
of entanglement, though there is some scepticism [8] that
these results are loop hole free. It was reported recently [9]
that Bell’s inequality can be reduced to the simplest form,
which can be checked in a single measurement. This
inequality was derived for a model of a source emitting two
photons with parallel polarizations flying in opposite
directions to experimenters Alice and Bob. The inequality
helps to check, whether emitted photons are individual ones
with their premeasurable polarizations, or they are in some
entangled state, and their polarization does appear only after
measurement by one of the experimenters. However the
inequality in [9] was derived for an ideal experiment with
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unit efficiency of detectors and analysers. In real experiments
there are a lot of limitations, which must be taken into
account. It is done in this paper. Below the EPR paradox and
derivation of the ideal simplest Bell’s inequality are
reminded, and then the Bell’s inequality corrected with
account of different limitations of a real experiment is
presented.

2. EPR Paradox with Photon
Pairs
First, let us remind the Bohm-Aharonov version [1] of the
EPR paradox with photons. Consider a photon pair, which is
emitted by one of atoms located at the point z = 0. Photons
travel in opposite directions along z-axis. One photon goes to
the point z = A to the experimenter Alice, and the other one
goes to the point z = -B to the experimenter named Bob, as
shown in Fig. 1. Photons have the same direction of the
linear polarization, but this direction is uncertain. The unit
vector along them have a uniform distribution over the
azimuthal angle in the plane (x, y), perpendicular to the
direction of the photons propagation. Alice and Bob are using
birefringent crystals of calcite to measure the polarization of
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the photons arriving to them. A calcite crystal has two
mutually perpendicular axes: ordinary one (denoted by
direction of the unit vector o) and extraordinary one (denoted
by n). Assume that both axes lie in the plane (x, y). If a
coming to a calcite crystal photon is polarized along o axis, it
is registered by detector D1, and if the coming photon is
polarized along n, then it is registered by the detector D2.
Axes of the crystals can be rotated around the z-axis.
The EPR paradox can be illustrated as follows. Imagine that
the two calcites of Alice and Bob are oriented parallel to each
other, and Alice is somewhat closer to the source of photons
than Bob, i.e. she is the first who measures photon of the pair.
Imagine two photons flying to A and B are polarized along a
vector γ, which is not parallel to oA or nA of Alice's calcite,
i.e. γ = αoA + βnA, where α and β are the coordinates of the
vector γ in the basis of two orthogonal unit vectors. With
probability |α|2 the photon at Alice is registered by the
detector D1A, and with probability |β|2 by the detector D2A,
but it is counted only by a single detector. Let's say it is
registered by the detector D1A. Then, according to the
nonlocal quantum mechanics, since the two photon must
have the same polarization, the photon flying to Bob instantly
becomes polarized along oA, and, as Bob's calcite is oriented
parallel to that of Alice, the photon will be with certainty
registered only by D1B, though without Alice's measurement
the photon at Bob could with probability |β|2 be registered by
the detector D2B. It means that measurement of Alice
instantly changes photon polarization at Bob, no matter how
great is the distance A + B there between. This mental
phenomenon, sometimes called nonlocality, is the essence of
the EPR paradox. From this it follows that either the theory
of relativity is not true, because there are signals propagating
with arbitrarily high speed, or quantum mechanics is not
complete, i.e. it is necessary to provide to it additional yet
unknown, i.e. hidden parameters.

above is not correct, because photons emitted by the source
are not individual particles with their pre-existent
polarizations. In quantum mechanics the source emits not
photons. It emits only a two photon's entangled state
described by the wave function

ψ (1, 2) = x

1

x2+ y

1

y 2,

(1)

where x, y are two arbitrary orthogonal unit vector in the (x,
y) plane. Such a wave function means that the photons with
the same probability amplitude can be polarized along any of
two mutually perpendicular vectors x and y. Only after
measurement by Alice the photon flying to Bob acquires its
individual polarization. Suppose that Alice's photon is
registered, for example, by the detector D1A, then the wave
function of the particle moving to Bob, becomes
ψ (2) = o A ψ (1, 2) = o A x 1 x 2 + o A y

1

y

2

= αA x 2 + βA y 2 ,

(2)

where

α A = oA x 1 , βA = oA y 1 ,

(3)

i.e. it takes the form of a photon with the definite polarization
along the unit vector γ B = α A x + β A y , which is parallel to the
orientation of the axis oA of the Alice's calcite. So, the
measurement by Alice instantly identifies Bob's photon
polarization, regardless of how far it is, i.e. effect of
measurement propagates with arbitrarily high speed.
To test the validity of the above, Alice and Bob can make
measurements with a lot of the emitted photon pairs and then
compare whether each pair of photons is detected with the
same detectors. Of course, it is necessary to mark each
emitted photon pair, for instance, by fixing the registration
time of photons. However, experiments on the EPR paradox
are not carried out in such a way, but by measurement of
some inequality to verify as to whether the measurement
result contradicts the prediction by Bell [2-3].

3. The Usual Derivation of the
Bell's Inequality
Figure 1. An experiment to demonstrate the EPR paradox in nonlocal
quantum mechanics. S is the source of photon pairs with parallel
polarizations γ, flying in two opposite directions to the experimenters Alice
and Bob. C - birefringent calcite crystals, analysing polarization. The
crystals have an ordinary, o, and extraordinary, n, axes. Photons polarized
along o, are registered by detectors D1, and photons polarized along n, are
recorded by detectors D2. Alice is closer to the source and registers her
photon polarization γA the first. φ is the azimuthal angle of the polarization
vector.

According to quantum mechanics the process described

We assign the number +1 to a photon, if after an analyser it is
registered by detector D1, and-1, if after the analyser it is
registered by detector D2. Usually Alice and Bob are
recommended to conduct 4 experiments: Alice oriented the
ordinary axis of her calcite in the direction of two unit
vectors a and a’, and Bob for each of these options of Alice
oriented ordinary axis of his calcite along directions b and b’.
Bell's inequality appears as follows [4]: to photons incident
on the crystal with the axis a it is assigned the stochastic
value a = ±1, and similarly for other axes. Then, denoting
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M = a(b + b ') + a '(b − b ') ,

(4)

where all the letters on the right correspond to one of the
values ±1, we can write the following obvious equality
[10,11]

M =2.

(5)

3

is sufficient.
To prove the inequality (9) imagine that the source emits, as
it was tacitly expected at the beginning of this article, the
pairs of real photons instead of combination (1). In this case,
the wave function of photons can be represented by the
product of the two-photon fields

ψ (1, 2) = γ

After averaging of the expression (5) over many photons one
gets the inequality

−2 < ab + ab ' + a ' b − a ' b ' < 2 ,

(6)

where the sign <> denotes averaging. D1B
According to nonlocal quantum mechanics, in the case, when
the angle between the axes of a and b is equal to θab, then, if
a photon at Alice side is detected, for example, by the
detector D1A, then at Bob side his photon with probability
cos2θab is counted by the detector D1B and with probability
sin2θab by the detector D2B, i.e. (for registration by any
detector at Alice side) Bob measures the correlation function

E (a, b) ≡ ab = cos 2 θ ab − sin 2 θ ab = cos 2θ ab .

(7)

Selecting the azimuthal angles of crystals as is shown in Fig.
2: θ a = π/8, θ b = 0, θ a’ = - π/8, θ b’ = π/4, one obtains

ab + ab ' + a ' b − a ' b ' =

4
2

>2,

1

γ 2.

(10)

Their polarization is the same, but has a uniform probability
distribution in the azimuthal angle φ ("hidden" parameter) in
the plane (x, y). For a given φ the geometry is shown in Fig.
3.

Figure 3. The geometry of orientation of two ordinary axes of Alice's and
Bob's calcite and of the photon pair polarization.

In this case, the photon electric field γ1(φ), registered by
Alice, according to the local quantum mechanics, is
characterized by the correlation function

P(a, γ) = cos2 (φ − θ a ) − sin 2 (φ − θa ) = cos 2(φ − θa ) , (11)
(8)

which contradicts the inequality (6).

and photons detected by Bob, according to the local quantum
mechanics, are characterized by the correlation function

P(b, γ) = cos2 (φ − θb ) − sin 2 (φ − θb ) = cos 2(φ − θb ) . (12)
The correlation function of both photons counted by Alice
and Bob is
2π

E (a,b) ≡ ab = ∫

0

dφ
1
cos 2(φ − θ a ) cos 2(φ − θb ) = cos 2θ ab ,
2π
2

(13)

because normalization integral is equal to unity.

Figure 2. Directions of ordinary axes in Alice and Bob 4 experiments.

However, the inequality (6) is too complicated. It is possible
to simplify it so that it can be checked in a single experiment.

4. The Simplest Bell's
Inequality
The simplest Bell’s inequality for an ideal experiment looks
ab <

1
.
2

The resulting expression differs from (7) only by the constant
factor. If it can be extracted, then the violation of the Bell's
inequality can be proven in a single measurement at θab<π/6.
If extraction of this factor in experiments is impossible, it is
nevertheless possible to distinguish the local quantum
mechanics with individual photons (10) and the "hidden"
parameter φ from nonlocal quantum mechanics without this
parameter and with the wave function (1). In the case of
independent photons and parallel aligned crystals counting of
a photon by the detector D1A at Alice side does not prohibit
registration of the photon at Bob side by the detector D2B.
The probability of such registration is

(9)

It immediately follows from (9) that (6) is also valid, but (9)

2π

P( a1 ,b2 ) = ∫

0

dφ
1 1
 1
cos 2 (φ − θ a ) sin 2 (φ − θ b ) =  1 − cos ( 2θ ab )  = ,
2π
4 2
 8
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while the probability of registration by the same detectors is
equal to [7]
dφ
1 1
 3
P( a1 ,b1 ) = ∫
cos 2 (φ − θ a ) cos 2 (φ − θb ) = 1 + cos 2θ ab  = .
4 2
0 2π
 8
2π

So for independent photons the ratio of the probability of
registration by different detectors to registration by the same
detectors at θab =0 is 1/3.
Expression (13) is derived for an ideal experiment, in which
every photon pair is registered with unit probability at both
sides. Let’s now introduce limitations, which are inherent in
every experiment.

5. Inequality with
Experimental Limitations for
Known Rate of Pair Emission
by the Source
Let’s suppose that the rate of pair emission by the source is
well known. Denote the efficiency of detectors at Alice side
by ηa1,2 , probability of wrong transmission or depolarization
on calcite crystal from detector j to detector i by ζ aij , and
respectively the similar values at Bob’s side. For the
individual photons instead of (11) -- (13) one has correlation
probability for the Alice’s photon to be
P (a, γ ) = η a1 (1 − ζ a12 ) cos 2 (φ − θ a )

+ cos 2(φ − θ a ) (ηa1 (1 − ζ a12 ) + ηa 2 (1 − ζ a 21 ) ) 2

,

C = (ηa1 (1 + ζ a12 ) − ηa 2 (1 + ζ a 21 ) )(ηb1 (1 + ζ b12 ) − ηb 2 (1 + ζ b 21 ) ) ,

(19

D = (ηa1 (1 − ζ a12 ) + ηa 2 (1 − ζ a 21 ) )(ηb1 (1 − ζ b12 ) + ηb 2 (1 − ζ b 21 ) ) , (20)

F = (ηa1 (1 + ζ a12 ) +ηa2 (1 + ζ a 21 ) )(ηb1 (1 + ζ b12 ) +ηb2 (1 + ζ b21 ) ) , (21)
G = (ηa1 (1 − ζ a12 ) −ηa 2 (1 − ζ a 21 ) )(ηb1 (1 − ζ b12 ) − ηb 2 (1 − ζ b 21 ) ) . (22)

It is easy to check that, if all ζ=0, and all η=1, then (18)
becomes identical to (13).
In the case of entangled wave function (1) one can derive

E (a,b) =

C + D cos 2θ ab
F + G cos 2θ ab

(23)

with the same coefficients (19)-(22). If all ζ=0, but all η≠1
and are different, then correlation functions are representable
as

E (a,b ) =

α+x
,
1+ α x

(24)

where α=C/D, and x= cos 2θ ab or cos 2θ ab /2. From this

(14)

+ η a 2 (1 − ζ a 21 ) sin 2 (φ − θ a ) + η a1ς a12 + η a 2ς a 21 =

= (ηa1 (1 + ζ a12 ) + ηa 2 (1 + ζ a 21 ) ) 2

+ cos 2(φ − θ a ) (ηa1 (1 − ζ a12 ) − ηa 2 (1 − ζ a 21 ) ) 2

, (15)

correlation probability for the Bob’s photon to be

+ cos 2(φ − θb ) (ηb1 (1 − ζ b12 ) + ηb 2 (1 − ζ b 21 ) ) 2

E (a, b ) − α
1
≤
1 − α E (a, b) 2

(25)

for the individual photons model.

N (a, γ ) = ηa1 (1 − ζ a12 ) cos 2 (φ − θ a )

, (16)

and the total probability of his registration is

N (b, γ) = (ηb1 (1 + ζ b12 ) + ηb 2 (1 + ζ b 21 ) ) 2

(18)

where

x =

the total probability of registration by Alice is

P(b, γ ) = (ηb1 (1 + ζ b12 ) − ηb 2 (1 + ζ b 21 ) ) 2

dϕ P (a, γ ) P (b, γ ) C + ( D 2 ) cos 2θ ab
,
E (a,b ) = ∫
=
d
∫ ϕ N (a, γ ) N (b, γ ) F + ( G 2 ) cos 2θ ab

expression one can derive an inequality

−η a 2 (1 − ζ a 21 ) sin 2 (φ − θ a ) + η a1ς a12 − η a 2ς a 21 =

= (ηa1 (1 + ζ a12 ) − ηa 2 (1 + ζ a 21 ) ) 2

function of Alice and Bob measurements

+ cos 2(φ − θb ) (ηb1 (1 − ζ b12 ) −ηb 2 (1 − ζ b 21 ) ) 2

. (17)

From that one can immediately put down the correlation

Of course, it is also necessary to take into account statistical
uncertainties related to dispersions of photon counts and
subtraction of background. They are not considered here,
because, it seems, that presented considerations are quite
enough to show that even without statistics a careful check of
(25) represents a formidable task already in a single
arrangement of two calcite axes, so the four arrangements
lead to at least four times more difficulties.
It is important also to notice that measured correlations are
very sensitive to subtraction of the. Too high background
always increases the correlation, and in this way it is easy to
demonstrate violation of the Bell’s inequalities.

6. Conclusion
From the above it follows that for a final check of two
versions of quantum mechanics with individual or entangled
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photons it is required an experiment with parallel aligned
crystals and rare pulses of the photon pairs, where each pair
is marked by the time of registration, and Alice takes
measurements the first and accepts only photons registered,
say, by the detector D1A. Only these photon pairs are accepted
by Bob, whose task is to check, whether some of these
photons are registered by his detector D2B. In this experiment,
there will be no loophole, and one of the types of quantum
mechanics will be completely ruled out.
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