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Abstract

In this work, we establish conditions for obtaining the generalized analytic solutions of the type combined peakons in the
Camassa-Holm and modified KdV equations. We obtain in the two cases other types of solutions that have the same analytic
form that of the peakons but that are not peakons. They present for most multiple peaks. These types of solutions in the case of

Camassa-Holm equation are obtained when the characteristic parameter k of the equation vanishes. Some profiles of solutions
obtained are drawn in 3D to verify the reliability of analytic results.
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1. Introduction

Since decades, the dynamics of out-flows of waters has
drawn the attention of researchers. In practice, this dynamics
appears in simple waves and gigantic waves often qualified
as solitons. Lastly, the most destructive demonstration of the
marine out-flows named tsunamis is now assimilated more
and more to the soliton. This type of wave is considered
currently as the focal point of the undulatory mechanics as
testified recently [1-10]. Both KdV equations and Camassa-
Holm equation describe the dynamics of propagation of a
little deep out-flow except that in case of Camassa-Holm
equation where a bi-Hamiltonian is introduced in equation of
motion [11-21]. The peakon is a peak-like solitary wave
whose analytical shape is often of the form

U(x,t)= g(t)exp—|x—xl (t)| , where g(¢) is the temporal
amplitude of the wave and x, (t) a function of time. Peakons

have the particularity of being arbitrary stable, making their
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patterns to be physically identified. In most works, the
peakon solutions are gotten in the Camassa - Holm equation
when the characteristic parameter k of this equation
vanishes [17, 19]. Number of researchers have already
proposed numerical and analytical solutions to this equation
taking account the characteristic parameter k (kZ0) [14,
nl8]. Even the Camassa - Holm equation admits some
peakon solutions, the KdV equation in its original form
doesn't accept this type of solution. But solutions presenting
several peaks and named complexitons had already been
gotten in 2004 via the bilinear transformation by Wen-Xiu
Ma and Yuncheng You [22]. It has been demonstrated lately
by Wazwaz that this equation in its modified shape admit
some peakon solutions [23]. The goal of this work is to
obtain the condition of existence of the peakon solutions and
especially to find all solutions that have the analytical shape
of a peakon. In this work, we look for the first time the
peakon solutions of the Camassa - Holm equation and of
modified KdV. We demonstrate that the condition for
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obtaining these solutions in the equation of Camassa - Holm
is bound to the characteristic parameter k of the equation.
Also, we show that in the Camassa - Holm and modified
KdV equations, in addition to the peakon solutions, we
obtained other types of solutions that are not peakons but that
present some peaks in the space. Thus, we constructed the
generalized peakon solutions of the equations of Camassa-
Holm and modified KdV while putting forward their
conditions of obtention. These conditions for obtaining the
solutions are extended to the case of the combination of
many peakon analytic solutions in the case of Camassa-Holm
equation. Globally, the analytic shape of the combination of
multiple peakon is written as

U(xr)= Y, (r)exp-|v—x (1) where g, (r)exp=|x=x, ()
represents the associated peakon and i =1,2,..n.

This manuscript is organized as follows: In section 2, we
looked for all combination of two analytic peakons solutions
of the Camassa-Holm equation. In section 3, all conditions
and shapes of possible peakon solutions of the modified KdV
equation are established. In section 4, we concluded with
some remarks.

2. Peakon Solutions of the
Camassa-Holm Equation

In this section, it is the question to determine all solutions
that are a combination of the analytic shapes of the peakons.
We first determine the condition under which a peakon
solution can be obtained. In a second time, we will study the
conditions for obtaining a combination of two peakons. The
Camassa-Holm equation under its most renounced shape is
given by

U, +2kU, -U_ +3UU, -2U U, +UU_ =0, (1)

where kis a positive real constant. When we look for the
solution of Eq. (1) in the form

U(x,t) =g (t)exp—|x—x1 (t)|, 2)

where g (¢) is a temporal amplitude and x,(¢) is the

function of time to be determined, we succeed with the
condition k =0. Therefore when k=0, all the formula given
by the equation (2) are solutions of the equation (1).
Analogously, we try to construct the solution of Eq. (1) as a
combination of two peakons i.e. taking U (x,t) in the form

U(x,t) =g (t)exp—|x —-X (t)|

; 3)
+g, (t) exp—|x - X, (t)|

where g, (t) and g, (t ) are temporal amplitudes, xl(l‘) and
x,(¢) are the functions of time to be determined with
g ()% g,(t) and x () # x,(¢) . So inserting equation (3) in

(1), we obtain
[iZglatx1 * 2kg1]exp—|x -x (t)|

4
+[£2g,0,x, (1) 2kg2]exp—|x -x, (t)| =0. @

Equation (4) admits non trivial solutions ( g, (¢)#0 ,
2, (t) #0) in the case where the following relations are

verified

ox =k, (&)
and
0x,=k. (6)
We note that the only condition to obtain a generalized
peakon solutions is based on functions x, andx, . So for any
function g, (¢) and g, (¢), the equations (5) and (6) permit
to obtain peak-type solutions of the Camassa-Holm equation.

When k =0, the general combination of two peakons solution
of equation (1) reads

U(x,t) =g (t) exp—|x - C1|

, (7
+g, (t) exp—|x - C2|

where g () and g, (¢) are functions of 7, C, and C, are

real or complex constants. When k # 0, The general solution
of Eq.(3) is given by

U(x,t) =g (t)exp—|x—kt—/11| ®
+g, (t) exp—|x —kt —)I2| ’

where kis the constant defined by equation (1), g, (¢) and
g, (¢) are defined functions of time, A and A, are real or
complex constants.

It is important to note here that simple peakon solutions are
obtained while integrating the equation (5) or the equation
(6) for k=0. As the combined peakon solution consists of
two peakons of different analytic shapes, the conditions (5)
and (6) obtaining that solutions depend separately on every
associated analytic peakon shape. This analysis can be done
in the case of a combination of several peakons. Thus, the
combined peakons solution can be considered under the

genera  form  U(x,t)=) g, (t)exp—|x -x, (t)| (with

i=12,...). Here, the condition for obtaining this combined
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Fig. 2. Multiple Peaks solution of the Camassa — Holm equation associated
to the equation (7) in case where the amplitude g, (t) is a function of time:
Fig. 3. Combination of two analytic peakons solution of Camassa-Holm
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Fig. 1. Peakon solutions of Camassa- Holm equation associated to the

not peakons under its initial definition; such obtained
for C,

solution is given by the relations 0,x, =k . In the particular
case where the characteristic constant & of the Camassa-
Holm equation is zero. The Figures 1, 2, 3 and 4 illustrate
some profiles that exhibit the solutions given by the
equations (7) and (8). But for £ #Z0, obtained solutions are

solutions can also present one peak or several peaks.

equation (7) in case where the amplitude g
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3. Peakon Solutions of the
Modified KdV Equation

The modified KdV equation we will consider in this section
is given by[15]

uu_, -UU, -4U°U, +4UU

)
-4U U_ -16U°U_ =0

We want to construct single- peakon and a combination of
two peakons solutions verifying equation (1). Thus, we look
for solutions of Eq. (9) under the form given by Eq. (2). In
this case the condition that must be satisfied by g () and

x, (t) is given by

i(Q%+A)=Q§1=n,

&

(10

where A and /7 are arbitrary constants. As for the Camassa-
Holm equation, we look for the solution of equation (9)
under the form of equation (3), where g(¢), x,(¢), f(¢)and
x, (¢) are functions of time. The choice of these functions

can not be made arbitrarily, we must insure that while
choosing the functions g(¢) , x(¢) , f(¢) and x,(¢) ,

equation (3) is effectively the solution of equation (9).
Substitution of equation (3) in equation (9), gives
[—4g3g, +4g%d,x, t16g* J exp- 4|x - X (t)|

+[—4f3f, +4149 x, il6jp4]exp—4|x—x2 (t)| =0. (b

The goal here is to obtain the non-trivial solutions (g #0

and f #0), equation (11) leads to the following equations

i(atxl +4): ajgg =a,

(12)
and

0
s(0,+4)=2L =y (13)
f
where a and yare constants which can be independent of

time or time-dependent. Thus, we generalize the equations
(12) and (13) as

d,g _

0,x, =—==q, (14)
g

and

0.f

*0,x, = =a,, (15)
where @, and @, are constants which are time and space
independent or time and space dependent, 0,x,, 0,x,, 0,8
and 0, f represent the partial derivatives of x,, x,, g and

f with respect to time.

Equations (14) and (15) fixe general conditions that must
satisfied by the functions x, , x,, g and f to guarantee that
equation (3) is the combined solution of equation (9). It is
important to note that solution (3) is a combination of two
type peakon

U, (x,t) =g (t)exp—‘x—xl (t)‘ and U, (x,t) =g, (t)exp—‘x—x2 (t)‘ .

Then, to construct the peakon solution of type U, (x,t) and

particular solutions of

U, (x,t) we must insure that equations (14) and (15) are
verified respectively.

In searching for solutions of equations (14) and (15), the
following five possibilities were considered. The case where
a,and a, are real constants and equal to zero, the case

where @, and @, are real or complex constants different
from zero, the case where a,and a, are functions of time,
the case where a,and @, are functions of space (@, = a, (x)
and a, = a, (x)) and the case where @,and @, are functions

of time and the space (@, = a, (x,¢) and a, = a, (x,t)).

(i) For a,=a, =0, the unique meaningful solution is
obtained for constant values of x,, x,, g and f (x, =C,,
x,=C,, g=C; and f =C,). Hence, the solution of Eq.(8)

is given by
U(x,t)=C,exp=|x=C/|+C,exp=|x=C,|, (16)

where C,, C,, C, and C, are real or complex constants
which are independent of time. In this case we obtain
effectively the peakon solution.

(ii) For a; and a, real or complex constants independent of

time, the resolution of equations (14) and (15) permits to
write the solution of equation (9) as

U(x,t)= Aexp(a’lt—|xia’lt—)\l|) 17)
+Bexp(a’2t—|xia’2t—/12|), (
where 4, a,, A, B, a, and A, are time- independent

coefficients.

(iii) In the case where @, and @, are functions of space only
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(a,=a,(x), a,=a,(x)) the solution of equation (9) has

the same form as in equation (17)

U(x,t) = A(x) exp(a'1 (x)t —|x ta, (x)t=A (x)|)

+B(x)exp(0’2 (x)t—|xia'2 (x)t=4, (x)|) e

The solution (18) is another type of multiple peak solution
but with spatial amplitude. These solutions vary according to

the integral functions A(x), a,(x), A (x), B(x), a,(x)
and A, (x)

(iv) In case where @, =a, (¢t) and a, =a, (¢) i.e.a, and a,

are functions of time only, the equations (14) and (15) give
respectively

% (t)=x[a,(r)dt+ 4,

g(t) = 4, exp (Ial (t)dt), >

and
x, (1) =[a,(¢)d + B,

£(1)=Byexp([a (1) a). 20

Then, taking into account the equations (19) and (20) into
equation (9) give the following general solution

U (x.1) :Azexp(jﬂl (t)dt+‘xij0’1 (t)dt—Al‘)

+B, epra2 (t)dt+‘xij0’2 (t)dt—BID, v

where 4, 4,, B, and B, are real or complex constants.

(v) In case where @, =a,(x,¢) and a, =a, (x,¢) iec a and
yare function of spatial and temporal variable, the general

solution of equation (9) is given by

U (1) = (x)exp( [ (x.0)0r +|x = [ (x.1) o1 =, ()

(22)
+hy (x)exp([ @ (x.0)r +|x [ (e)ar =, (x)),

where i (x), h,(x), h(x) and h,(x) are functions of
spatial variable.

Through equations (21) and (22) we can obtain a multitude
spatio-temporal peaks solutions for any function #, (x)
(i=1,2,3,4), a,(¢), a,(¢), a,(x,t) and a, (x,¢) such that

the number of peaks vary according to the choice of the
integral functions. As in the case of Camassa-Holm equation,
we generalize the condition for obtaining the combination, of
many analytic peakons solution of the modified KdV

. 2.8 .
equation by iatxl.=t—g’=a'i (i=12,.. ) where a,
represents an independent function of the integration
variable.

The Figures 5, 6, 7 and 8 give the representative curves of the
combination of two peakons solution obtained above in every
studied case. The pace of the curves varies according to the
choice of the amplitude functions g and f as well as a, and

a, . The heights of the summits also vary according to the

chosen functions. In the case where the amplitude functions
are periodic or sinusoidal, we sometimes obtain the profiles
that present several peaks. In the same logic we can construct
the peakon solutions of high order of the equations (1) and
(8). For example, the combination of three analytical peakons
solution of the Camassa-Holm equation (1) is given by the
profile of the Figure 9.

100
-10

Fig. 7. Combineed peakons solutions of the modified KdV equation given
by equation (16) for: (a) C; =2, C, =3, C,=3and C, =4 (b) for C; =3,

G =3,C,=6, C,=5and ¢0]0,40] .
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Fig. 8. Multiple peaks solutions of modified KdV given by equation (17) in
case where the integration constants are function of space: (a) for

A(x) =x, a, (x) =sin(x), A (x) =x B(x) =x, a, (x) =cos(x) ,
A, (x) =x* (b) for A(x) =sinh(x), a, (x) =sin(x), A (x) =x’
B(x)=cosh(x), a,(x)=cos(x), A,(x)=x7, r0[0,40] .

Fig. 9. Multiple peaks solutions of modified KdV given by equation (22) in
case where the integration constants are function of time and space: (a) for

hy (x) =x?, a(x,t) =-cos(x+t), h, (x) =x hy (x) =x,
y(x,t) =sin(x +1) , h, (x) =x* (b) for A (x) =sin(x) ,
a'(x,t) =-=cos(x+¢), h, (x) =sech(x) h, (x) =x, y(x,t) =sin(x +1¢) ,
h(x)=x*, ¢0O[0,40] .

What we must keep in this work globally is that the
combination of two peakons shapes always gives another
peakon. Its shown on the profiles given by the Figures 3.

Other multiple peaks solutions of the equations of Camassa -
Holm and KdV behave in the same way as the peakons except
that for every associated shape one has one or several peaks
according to the choice of the amplitude functions and
constants. In any case several peaks are observed when the
amplitude functions are periodic as depicted in figures 2, 8, 9.

4. Conclusion

In this work, we looked for peakon solutions of the Camassa-
Holm and modified KdV equations, where conditions for
obtaining these solutions have been established. We note that
the conditions for obtaining peakon solutions of the equation
of Camassa-Holm are bound closely to the characteristic
constant k of the equation. In the case of Camassa-Holm

equation, we observe that when the characteristic constant &
vanishes, some peakon solutions are observed. But when k is
different from zero, other peak- solutions that are not
automatically peakons are obtained. These peaks can be
multiple and oriented in the vertical positive and negative
direction of the considered plan of representation. These
solutions with several peaks are present when the amplitudes
are periodic; they also depend on the representation domain.

On the other hand, in the modified KdV equation, a rigorous
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resolution of the obtained partial differential equations,
enable us to obtain other solutions presenting some multiple
peaks in the space. As in the case of Camassa-Holm, the
number of peaks varies according to the choice of the
functions and sometimes of their periodicity. Here, the
amplitudes g(¢), f(¢) and functions of time x,(¢) and

X, (t) are bound to first order partial differential equations

with separate variables. So equation (2) is effectively solution
of the modified KdV equation when these partial differential
equations are solved. The representation of different profiles
of solutions in dimension 3 allowed having a good
appreciation. From the obtained results, we believe that our
objective is attained, because it enable to fix a functions
g(t), f(¢t) or g(¢) and to insure that they verify the

previous conditions such that at the end we obtain the peakon
solutions , and multiple peaks solutions in general that can be
the effective solutions of Camassa-Holm or modified KdV
equation. In summary, this work allowed us to find other
shapes of solutions presenting some peaks in the space,
having the analytic shape of the peakons and that are not
necessarily peakons.
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