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Abstract

In this work, an empirical model of nearest neighbor hopping parameter (yo) in tight binding (TB) model of single wall carbon
nanotubes is proposed in order to calculate first and second optical transition energies of semiconducting SWCNTs. A highly
systematic and nearly linear pattern is observed when the y,, as calculated from experimental optical transition energies of
semiconducting SWCNTs, were scaled by a chirality combination term (2n-m) and plotted against tube diameters. Based on
this observation, two empirical expressions of y,are formulated for mod 1 and mod 2 type semiconducting SWCNTs. In this
model of y, observations from various optical spectroscopic experiments are incorporated. First and second optical transition
energies (E; and E,,) for all semiconducting SWCNTs within diameter range of 0.4 to 3 nm are calculated using this empirical
0. Calculated values showed excellent agreement with experimental values for all type of chiralities over the full diameter
range and precisely reflected the chirality effect on transition energies. The proposed empirical y, highly improved the
calculation from simplest tight binding model and enables it to give almost accurate qualitative and quantitative prediction of
first two transition energies of semiconducting SWCNTs.
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geometrical structures [5, 6] which are uniquely specified by
a pair of chiral index (n, m). A SWCNT (n, m) will be
metallic if its n-m = 3k (k is integer), i.e. mod(n-m, 3) = 0 and
it will be semiconducting if its n-m # 3k, i.e. mod(n-m, 3) =1
or 2, which is always found true except for tubes with too
small diameters [7]. This relation gives two types of
semiconducting SWCNTs, mod 1 type and mod 2 types. Also,
this relation indicates that theoretically two third of the total

1. Introduction

Since the discovery of Carbon Nanotubes (CNT) by Sumio
Iijima [1, 2] in 1991, they become one of the most
intensively studied materials and are gaining more and more
attention to researchers in every year. For their unique one-
dimensional nanostructure and extraordinary electronic,

optical, mechanical and chemical properties, CNTs are
considered as an ideal building block for next-generation
molecular electronic and optoelectronic devices and circuits
(3, 4].

Electronic and optical properties of single-wall carbon
nanotubes (SWCNT) are directly associated with their
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SWCNTs are semiconducting and one third are metallic.

The one-dimensionality of the nanotubes gives rise to 1D
subbands instead of one wide electronic energy band in
nanotube density of states. Each SWCNT (n, m) has a unique
set of interband energies E; denoting the energy differences
between the i-th conduction and valence bands and optical
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transitions can only occur between these mirror subbands [5,
6, 8-10]. These singularities are unique feature of nanotubes
and also primarily responsible for many distinguished
electronic and optical properties of SWCNTs.

The tight-binding (TB) model of n-bands of graphene using
the zone-folding approximation has been widely used for
modeling electronic band structure of single-wall carbon
nanotube (SWCNT) due to its simplicity, low computational
cost, and good qualitative agreement with experimental results
[11-13]. TB model with the nearest-neighbor approximation
provides following simple expression to calculate optical
transitions of a semiconducting nanotubes [5, 6, 14]:

Eii — zjaccyo (1)
dt

Where, ), is the nearest-neighbor hopping parameter,

a,. =1.44 A is carbon-carbon bond length, d, is nanotube

diameter in nm, given by d, = 3(n2 +nm +m’ )aCC /Tt and j
is an integer. E; corresponds to the first, second, third,
fourth...... interband transitions (E;;, E;, Es;, Eg4....) of
semiconducting SWCNTs when j = 1, 2, 4, 5... respectively.
This inverse proportional relation of optical transitions with
diameter is also observed in well-known Kataura plot [15].
Here, the first optical transition (E;;) is the bandgap of
semiconducting SWCNTs and the information on second
optical transition (E,;) facilitates optical
spectroscopic experiments, as it falls within visible energy
range. Also, for photo absorption, first two optical transitions
are mainly considered. Hence, E;; and E,, of semiconducting
SWCNTs are more significant than other transitions and are
of more interest.

various

The qualitative agreement of Eqn (1) with experimental
results is good [11], but quantitatively it underestimates and
overestimates E;; and E,, of semiconducting SWCNTs

around 25% even with the best choice of )| as a fitting

constant parameter [16]. Equation (1) also fails to reflect
relative difference between mod 1 and mod 2 type
semiconducting SWCNTs for odd (E;,°, Es;°,....) and even
(ExS, E44S,....) transitions with comparable diameter [17],
and gives incorrect ratio of first two optical trasnsitions [18],
as observed from various optical spectroscopic experiments.

These disagreements of Eqn (1) are attributed to many
factors. One major factor is nanotube ‘curvature effect’
induced band structure deviation from simple m-orbital
graphene picture [19-22]. Other factors are ‘chirality effect’
[23], ‘trigonal warping effect’ [17, 19, 24] and many body
effect (electron-electron interaction) comprising self-energy

and exitonic effect [25-30].

Considering these limitations of TB model, several authors
[11, 13, 16, 18, 20, 22-24, 30-43] tried to improve TB model
calculation of electronic band structure of SWCNTs so as to
fit it with various experimental observations. Some of them
just extended simple n-band model to get better calculation.
Some proposed modified or alternative model within or
beyond the TB model approach and showed improved
calculation using that. Some of them tried to improve TB
model Eqn (1) by including extra terms with it, deduced
theoretically or empirically. Some took pure empirical
approach and proposed model independent empirical
equations, without caring Eqn (1).

One common factor in all the above mentioned theoretical
and empirical approaches is, they tried to include chirality
effect always in the form of a specific term {cos (30)} [16, 18,
22, 34-43] and did not consider any other combination of
chiral indices. Another common point is, they all considered
the nearest neighbor hopping parameter, y, merely as a fitting
constant. Though Ding et al [23] proposed to modify the
hopping parameter y,, they mainly considered curvature
effect on y, while ignored rest other effects [26].

The overall issue can be alternatively addressed if curvature,
chirality and other effects are included in y,, instead of
directly adding an extra term with Eqn (1) so as to keep the
basic form of TB model Eqn (1) intact. In fact, Yy, was

considered as a constant only in earlier works [5-10, 13, 15,
20, 24] where they took it merely as a fitting parameter but
they never get unified on any fixed value. Values from 2.4 to
3.2 or above are reported in different literatures [24, 32], of
which 2.7 and 2.9 have been preferred and used in most of
the cases. Later, it was realized that deviation of Eqn (1) from

experimental observations is partly because of taking },, as a
constant [23, 32, 44, 45]. Idea of a constant Y,, is no longer

appreciated now and many later authors [23, 24, 32, 44]
proposed its dependency on nanotube structure. So an
approach of taking Y, as a parameter whose value will

depend on nanotube structure so as to reflect various
observed effects is quite justified and can be proven more
effective than earlier attempts. Also, as classifying
semiconducting SWCNT in mod 1 and mod 2 type originates
from chirality (n, m), not from chiral angle, so chirality effect
on optical transitions can be reflected through alternative
combination of chiral index (n, m) other than the chiral
angle.Calculation of first and second optical transition
energies (E; 15 and EZZS) of semiconducting SWCNTs from
simple TB model, as represented by Eqn. (1), can be
improved significantly if its most important parameter,
namely the hopping parameter (y,) is modeled properly.
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The main objective of this work is to present an effective
model of the tight binding hopping parameter (y,), so as to
give nearly accurate prediction of first two optical transitions
in semiconducting SWCNTs. To achieve this objective, the
tight binding model parameter will be designed in such a way
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Figure 1. (a) (2n-m).E;; vs d; plot for mod 1 type SWCNTs, (b) (2n-m).E;; vs d; plot for mod 2 type SWCNTs, (c¢) (2n-m).E,; vs d; plot for mod 1 type
SWCNTs, (d) (2n-m).Ex; vs d; plot for mod 2 type SWCNTs.

In this work, all the SWCNTSs in between diameter ~0.4 nm
to ~3 nm are considered. Then, all semiconducting SWCNTs
within this diameter range are selected by applying the n-
m=3k or #3k condition, where k is a positive integer. In this
way, total 212 semiconducting SWCNTs were found,
comprising both zigzag and chiral tubes. Metallic tubes are
excluded as they are not the concern in this work. Chiral
index of these semiconducting SWCNTs, within this
diameter range, starts from (4, 2) tube with diameter 0.42 nm
and extends up to (23, 22) tube with diameter 3.094 nm.
After sorting them according to their mod value, we found
110 mod 1 type and 102 mod 2 type semiconducting
SWCNTs.

Values of first and second optical transition energies (ev)
corresponding to all these semiconducting SWCNTs are
recorded from multiple reports of different optical
spectroscopic experiments [10, 14, 16, 18, 32-34, 37, 46-65].
As only semiconducting tubes are being considered here, so,
from now on first and second optical transition energies will

be denoted simply as E;; and E,,. Recorded data showed that
E;; for mod 2 types are higher than that of mod 1 type
whereas E,; for mod 2 types are lower than that of mod 1
type with comparable diameters. In order to reflect this
phenomenon, it will be suitable to propose and formulate two
separate y, for mod 1 and mod 2 type semiconducting
SWCNTs. It may help to reflect unique trend of both of these
groups more precisely.

In order to devise separate y, for each mod type, transition
energies of mod 1 and mod 2 semiconducting SWCNTs were
studied separately to reveal their specific relation with
diameter, chiral index and mod value. Few things were
noticed from close observation of this wide range of data. It
was observed that even within a particular mod type, though
the first and second optical transition energies decrease in
general with increasing diameters, as predicted by basic TB
model equation (1), but this decreasing pattern is not smooth.
It does not follow simple 1/d, relation, rather it follows a
continuous nonlinear ups and downs for each tube, which
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may originates from their individual chirality. These ups and
downs are more prominent in lower diameter tubes and
negligible only for tubes with diameters above 2.5 nm, i.e. it
is noticeable up to 80% of the total diameter range. In earlier
attempts by others, such variation was tried to be reflected by
inclusion of the chiral angle term cos (30). An alternative idea
can be to reflect this variation in terms of more direct
combination of chiral index (n, m) term instead of chiral angle.
In fact, classifying semiconducting SWCNTs in mod 1 and
mod 2 types originates directly from their chiral index, not
chiral angle. So, there can be a direct relation of these ups and
downs with a suitable chiral index combination. In order to
reveal possible chiral index dependence of optical transition
energies, both E;; and E,, are scaled by some random
combination of their chiral index and plotted the scaled
transition energies against their diameters. The changes in
those sharp ups and downs were closely investigated after this
scaling and interestingly, it was found that their rise and down
trend exhibits highly systematic patterns when they are scaled
with a specific chiral index combination (2n-m). This scaling
effect can be observed from Fig. 1 (a) to (d) where, E;; vs d,
and Ey, vs d; plots are shown after scaling by (2n-m). Though
mod 1 type and mod 2 types were studied separately for first
and second optical transition energies, this systematic pattern
with (2n-m) term is commonly observed for both types of
semiconducting SWCNTs in both optical transition energies,
as shown in these Figures.

This important finding enables to reflect chirality effect in
terms of this (2n-m) term for better tracing of experimental
data. Now, as the objective here is to devise a model for tight
binding hopping parameter (y,), that will be used for
calculating optical transitions, this (2n-m) scaling effect on
transition energies need to be included in that model of vy,. If
this (2n-m) term can be properly incorporated in the model of
Yo, then the calculated optical transitions from the model may
precisely reflect the chirality effect and corresponding ups
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and downs for any chirality.

To build a proper model of y,, the variation trend of values of
Y, for different chiralities and diameters need to be observed.
For this, the values of v, from Eqn (1) is calculated, using d,
and experimental values of E;; for each semiconducting
SWCNTs, as

- E,d,
2a

cc

Yo

Yo found in this way may be termed as ‘experimental v,.
These calculated vy, values were divided into two sets: one set
originates from mod 1 type and another set originate from
mod 2 type. These two sets of y, can be plotted against
corresponding d; to observe their variation with respect to d,
and various chiralities.

Now, as mentioned before, appropriate way has to be found
out to include the term (2n-m) in the model of y, so as to
reflect the chirality effect on transition energies. For this, v,
of both mod types can be scaled by this term and can be
plotted again against d; so as to see the change in previous v,
vs d; plots and to find whether they follow any systematic
pattern like optical transitions. These y,vs d; plots for both
mod types, before and after scaling by (2n-m), are shown in
Fig. 2 (a) and (b). From these Figures, it was clearly noticed
that, when vy, of both mod types are scaled by (2n-m) and
then plotted against d,, they exhibit highly systematic patterns.
The systemic patterns followed by these plots of scaled y, are
more smooth and regular than corresponding plots of scaled
transition energies. Moreover, the patterns of the dotted lines
in both plots are now nearly linear.

All these observations suggest reflecting chirality effect in
terms of this (2n-m) term for better tracing of experimental
transition energies. These also show how to include this term
in devising the model of y,, so as to predict optical transition
energies in a better way from the modeled v,.
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Figure 2. (a) (2n-m)y, vs d; plot for mod 1 type semiconducting SWCNTs and (b) (2n-m)y, vs d, plot for mod 2 type semiconducting SWCNTs.
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Now, if Fig. 2 (a) and (b) are observed closely, nearly linear
pattern of (2n-m)y, vs d; plots is noticed for both mod types
(scaled values of vy, are indicated by black dots which reveals
their linear pattern). This observation tells that (2n-m)y, for
both mod 1 and mod 2 types approximately can be
considered linearly proportional to d, i.e. (2n-m)y, =p d;+ q
(where p and q are arbitrary constant)

Hence, a term in the form of (p d; + q)/(2n-m) can be
included in the model of vy, in order to reflect chirality effect.
Also, as the the directions of variation of values of y, are
opposite for mod 1 and mod 2 types, so, p and q should take
opposite signs for mod 1 and mod 2 type semiconducting
SWCNTs.

Hence, one component of the proposed model is devised, i.e.
a term with above form to be included in our target model of
Yo in order to reflect ‘chirality effect’. It is important to note
that ‘chirality effect’ mainly accounts precise ups and downs
of transition energies for both mod types that arise from
individual tube chirality. But, ‘chirality effect’ alone cannot
account all the quantitative deviations of Eqn (1) from
experimental results, as there are other two important effects
namely ‘curvature effect’ and ‘trigonal warping effect’ also.
Hence, these effects need to be addressed as well and
corresponding components have to be devised to be included
in the proposed model to reflect these effects. Then the model
will be completed.

‘Curvature effect’ originates from nanotube curvature. This
effect is very dominant for lower diameter tubes (d;, < 2 nm)
and one of the main causes of quantitative deviation of Eqn
(1) from experimental results. Fortunately, expressing
‘curvature effect’ is comparatively easy and less ambiguous.
As diameter d, is directly responsible for tube curvature, so
suitable inclusion of d, term can reflect this effect. “Trigonal
warping effect’ is another significant effect that also depends
on d,. Hence, intelligent placing of two d, terms in proposed
empirical equation can account both the effects. Now, in the
already devised expression of ‘chirality effect’, the effect of
chirality is specificly represented by the denominator term
(2n-m) as it is the scaling factor to generate those systematic
patterns in corresponding plots, whereas the d; term in
nominator partially account ‘curvature effect’ and ‘trigonal
warping effect’ up to some degree. As a d; term is already
present there, so, only one more d; term is needed in the
proposed model of y, to balance rest two effects. Some of the
observations on the behavior of mod 1 and mod 2 type’s
optical transitions in kataura plot may give some clue on how
to add this another d; term in the model of y,. It was observed
earlier that relative higher or lower values for mod 1 and
mod 2 types alternate for odd and even transitions, i.e. E;;™*

<E ™% but E»,™" > E,,™ . So, mod 1’s E,, follow the
trend of mod 2’s E;; and mod 2’s E,, follow the trend of mod
1’s Eq;. The opposite trend of mod 1 and mod 2 branches in
kataura plot suggests that the proposed another d, term should
appear in the model of vy, in two opposite forms for the two
mod types in order to reflect this obsevation: one as
proportional to 1/d; and another as proportional to d; So, now
necessary components are gathered to be added in the model
of v, in order to reflect ‘chirality effect’, ‘curvature effect’
and ‘trigonal warping effect’.

Another effect namely many body effect or self-energy and
exitonic effect is not included or adjusted here as it was not
found necessery. A recent study of Sato et al [66] showed
that, for E;; and E,, transitions, the chirality dependence of
the exciton binding energy for each (n,m) SWCNT is almost
cancelled by that of the self energy, both effects being of the
same order of magnitude. As per their analysis, the origin of
the family pattern for £;; and E,, can be understood by the
chirality dependence of the single particle energies, by safely
ignoring many body effect. Also, any pre-defined or specific
term cannot be included to account these effects as the nature
and amount of these effects are still being discussed in
literatures and also much disputed. So, this effect can be
ignored in the proposed model.

After setting all necessary tools to devise the proposed
empirical expression for v,, as a last step, all the previous
theoretical and empirical efforts [11, 13, 16, 18, 20, 22-24,
30-43] of predicting transition energies were re-examined to
avoid their shortcomings. For chirality effect nothing from
those equations need not to be taken as we devised our own
term (2n-m) to reflect it. Rest other terms will be suitably
arranged around this (2n-m) term. For including curvature
effect and trigonal warping effect some insights from earlier
equations is taken but those are reflected here in a new way,
based on our own observations. Two d; terms are included in
the proposed empirical expression of vy, to reflect ‘curvature
effect” and ‘trigonal warping effect’. Rest other minor and
undefined effects will be adjusted within numerical fitting
parameters. One main intention is to make the proposed
empirical expression simpler than earlier expressions, while
giving much higher accuracy than those equations. Another
intention is to keep the basic form of simple TB model
derived equation intact by modifying its hopping parameter

v, only.

3. Result

Finally, combining all these in depth observations over this
wide range of data with the insights found from earlier
equations, a smart model or empirical expression of y, is
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proposed, by summing up our earlier devised components to
reflect ‘curvature effect’, ‘chirality effect” and ‘trigonal
warping effect’. A set of empirical equations for nearest-
neighbor hopping parameter y, are formulated, separately for
mod 1 and mod 2 types, so as to give nearly accurate
prediction of first and second optical transition energies of
semiconducting SWCNTs using this y,. Devised set of
empirical equations are presented below one by one:

Eqn (1) gives first optical transition energy of
semiconducting SWCNTs for i=1, j=1,
23,

E,, = 2teYo @)

dt

But, to express second optical transition energy (E,y), j = 2
cannot be used, since experimental observation showed that
ratio of Ex, to E; is not 2, as mentioned earlier. So, in order
to facilitate the calculation, their observed ratio is empirically
expressed for both mod 1 and mod 2 types as r; and r,, where,

=
2n—-m

and, r, =<1.83+ LR
2n-m 4.7d,

I :{1.83—

Hence, instead of putting j = 2, here j =, and r, will be used
to calculate E,, for mod 1 and mod 2 types, respectively.
Accordingly, Expression of E,, from Eqn (1) becomes,

For mod 1:
E,, ={1.83— } *2¥a../d, 3)
2n—m
And for mod 2:
E,, =41.83+ L *2ya. . ld 4)
2 2n-m 4.7d, 0%ee T

Finally, the core equations will be presented, i.e. the
formulated empirical expression for ), to calculate E; and

E,, precisely,

Y to calculate E,, (for mod 1 type) and E,, (for mod 2 type):

59-d, 1.1
=41+ ——"-— 5
Y { nem d;} (%)

Y, to calculate E;; (for mod 2 type) and E,, (for mod 1 type):

4-d, d
=:38-——*L+-—L 6
Yo { 2n—m 30} ©

It can be noted that same Y, is used in calculating both Ej,

and E,, for alternative mod type. This comes from the earlier
mentioned observation that relative higher or lower values
for mod 1 and mod 2 types alternate for odd and even
transitions, i.e. E;;™% < E;;™% but Ex™ > Ep,™% | So,
mod 1’s E,; follows same trend like mod 2’s E,, and hence
same Y, can be used for both, as emperical r; and r, are

already there to scale Eo,.
Equation (5) and (6) generate values of Y, for mod 1 and

mod 2 types SWCNTs, depending on their d, and (2n-m)

terms to reflect curvature effect, trigonal warping effect and
chirality effect. Rest other effects, in generallly, may be
thought to be adjusted within associated numerical fitting
parameters though we do not suggest specific meaning of
these numerical terms within nanotube electronic structure.

Generated J,, from Empirical Eqn (5) and (6) was found to

vary from 2.22 to 3.86 for mod 1 and from 3.22 to 3.86 for
mod 2 over the full diameter range. To check whether this

variation is fair, real )|, may be calculated from Eqn (2)
using experimental values of E;;. Amazingly, it gives exactly

the same range of variation.

Table I. Comparison of experimental and empirical results for E;; and
corresponding average error and % average error for two mod types.

MOD 1 Type MOD 2 Type
Diameter (d¢ )

Avg ‘A E‘ Avg %‘AE‘ Avg‘AE‘ Avg %‘A E‘
04nmm<d,<3nm 0.0036 0.43% 0.0033  0.32%
Inm<d <3 nm 0.0023 0.36% 0.0015  0.20%
1.5nm<d;<3nm 0.0015 0.29% 0.0006  0.11%

Table II. Comparison of experimental and empirical results for E,, and
corresponding average error and % average error for two mod types.

MOD 1 Type MOD 2 Type
Diameter (d;) Avg Avg
04nmm<d,<3nm 0.0115 0.66% 0.0083 0.57%
1nm<d,<3nm 0.0052 0.46% 0.0037 0.35%
1.5nom<d;<3nm 0.0037 0.39% 0.0031 0.33%

First and second optical transition energies (E;; and E,,) of all
212 semiconducting SWCNTs were calculated from Eqn (2),

(3) and (4) using )/, from Eqn (5) and (6) for mod 1 and mod 2

types. The calculated E;; and E,, showed excellent match
from lowest diameter (0.4 nm) to highest diameter (3 nm). The

plots of Ej; vs d, and Ey vs d, for both mod 1 and mod 2

types are shown in Figure 3. The agreement between
experimental and empirical graphs over the full diameter range
is so good as if they are replica of each other. Enlarged
portions of the plots in (b) show this precise tracing more
closely.
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The overall comparison between the empirical data and
experimental data is summarized in Table I and table II for
E,;; and E,,, respectively. Table I shows that average absolute
deviations (\AE\) and % average absolute deviations (%\AE \) of
empirical data for E11 are very low and within tolerable
margin. Average error for E11 over full diameter range is
0.0036 eV (0.43%) and 0.0033 eV (0.32 %) for mod 1 and
mod 2, respctively. Same things can be noticed from Table II
where average error for E22 over full diameter range is
0.0113 eV ( 0.65%) and 0.0081 eV (0.56 %) for mod 1 and
AE| and %DE| reduces

more for increasing diameters as shown in Table I and II.

mod 2, respectively. In both cases,

Hence, the proposed empirical expression of }}, enables Eqn

(1) to give almost accurate prediction of first and second
optical transition energies of mod 1 and mod 2 types
semiconducting SWCNTSs with less than 1% average absolute
error over the full the diameter range and with less than 0.5%
average absolute error for diameters above 1 nm. It removes
earlier shortcomings of the basic equation derived from
simple TB model and can calculate optical transitions for
both zigzag and chiral tubes with same accuracy. Most
importantly, it gives almost same level of accuracy for lower
and higher diameter tubes and hence strengthens nearest
neighbor tight binding model which is commonly accused for
being highly inaccurate in lower diameter tubes.

4. Conclusions

In this work, at first we have highlighted the limitations of
basic tight binding model to calculate first and second optical
transitions in SWCNTSs. To solve this problem, we proposed
an empirical model of nearest neighbor hopping parameter
(yo) in tight binding (TB) model of single wall carbon
nanotubes in order to calculate first and second optical
transition energies of semiconducting SWCNTs. We observed
a highly systematic pattern when the y,, as calculated from
experimental optical transition energies of semiconducting
SWCNTs, were scaled by a chirality combination term (2n-m)
and plotted against tube diameters. Based on this observation,
two empirical expressions of y, were formulated for mod 1
and mod 2 type semiconducting SWCNTs. In this model of y,,
observations from various optical spectroscopic experiments
are incorporated. First and second optical transition energies
(E;; and Ey) for all semiconducting SWCNTs within
diameter range of 0.4 to 3 nm are calculated using this
empirical y,. Calculated values showed excellent agreement
with experimental values for all type of chiralities over the
full diameter range. The average absolute error between
predicted and experimental data was lesser than 0.5% both
transitions. The proposed empirical y, highly improved the
calculation from simplest tight binding model and enables it
to give almost accurate qualitative and quantitative prediction
of first two transition energies of semiconducting SWCNTs.
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