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Abstract

In this work, the ‘ratio problem’ between first and second optical transition energies of semiconducting single-wall carbon
nanotube is discussed. Possible reasons behind the deviation of experimentally observed ratio between first two optical
transitions from theoretically predicted ratio is mentioned. A number of semiconducting single-wall carbon nanotubes having
chiral index (n, m) with mod (n-m, 3) # 0, and having diameter in between diameter range of 0.4 nm and 3 nm are considered.
First and second optical transition energies of all those tubes are recorded from various reports of optical spectroscopic
experiments and recoded data was closely scrutinized. Based on that observation, ratio of first and second optical transition
energies for all semiconducting tubes is expressed empirically through an empirical expression in terms of diameter, chiral
index (n, m) and mod value. The empirical ratio matched very well with experimental ratio over the full diameter range. The
proposed empirical way of expressing this ratio may greatly help in finding the proper ratio of first two optical transitions
without depending on experimental values of two transitions. The generated pattern from the plot of this empirical ratio can
also help in Photoluminescence based chirality assignment.
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1. Introduction

Electronic and optical properties of single-wall carbon  Each SWCNT (n, m) has a unique set of interband transition

nanotubes (SWCNT) are directly associated with their
geometrical structures [1, 2] which are uniquely specified by
a pair of chiral index (n, m). A SWCNT (n, m) will be
metallic if its n-m = 3k (k is integer), i.e. mod (n-m, 3) = 0
and it will be semiconducting if its n-m # 3k, i.e. mod (n-m,
3) = 1 or 2 [3]. This relation gives two types of
semiconducting SWCNTs, mod 1 type and mod 2 types.

The one-dimensionality of the Single Wall Carbon nanotubes
(SWCNT) gives rise to 1D sub-bands instead of one wide
electronic energy band in nanotube density of states (DOS).
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energies E; denoting the energy differences between the i-th
conduction and valence bands and optical transitions can
only occur between these mirror sub-bands [1, 2, 4-6].

The tight-binding (TB) model of n-bands of graphene using
the zone-folding approximation has been widely used for
modeling electronic band structure of single-wall carbon
nanotube (SWCNT) due to its simplicity, low computational
cost, and qualitative agreement with experimental results [7-
9]. TB model with the nearest-neighbor approximation
provides following simple expression to calculate optical
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transitions of a SWCNT [1, 2, 10]:
E[i = 2jaccy0 /dt (1)
Where, ), is the nearest-neighbor hopping parameter,

a, =1.44 Ais carbon-carbon bond length, d, is nanotube

[

2

diameter in nm, given by d, = \/3 (n + nm + m’ )acc /T

and j is an integer. E;; corresponds to the first, second, third,
fourth... interband transitions (E“S, EZZS, E33S, E44S....) of
semiconducting SWCNT when j = 1, 2, 4, 5... respectively.
This inverse proportional trend of transition energies with
SWCNT diameter, given by Eqn. (1), is also observed from
the Kataura plot [11, 12] and from other optical
spectroscopic experiments [6, 13].

Here, the first optical transition (E;;) is the bandgap of
semiconducting SWCNTs and the second optical transition
(E»,) facilitates various optical spectroscopic experiments, as
it falls within visible energy range. Also, for photo
absorption in SWCNTs, first two optical transitions are
mainly considered. Hence, E;; and E,, of semiconducting
SWCNTs are more significant than other transitions and are
of more interest [ 14].

Basic tight binding model has a number of limitations due to
which Eqn (1) cannot give complete description of different
optical transition energies in SWCNTs. These limitations are
attributed to many factors. One major factor is nanotube
‘curvature effect’ induced band structure deviation from
simple m-orbital graphene picture [11-14]. Other factors are
‘chirality effect’ [15], ‘trigonal warping effect’ [9, 11, 16]
and many body effect (electron-electron interaction)
comprising self-energy and exitonic effect [17-22]. One
effect of such limitation is basic TB model predicts
inaccurate ratio of first two optical transitions [14].

2. The '‘Ratio Problem’

It has been observed from some optical spectroscopic
experiments that basic TB model fails to explain
experimentally observed ratio of first two optical transition
energies of semiconducting SWCNTs (EZZS/EHS). Nearest
neighbour TB model and the corresponding Eqn (1)
predicted this ratio to be 2. Extended TB model later
predicted that this ratio will be lesser than 2 at small
diameters but will approach 2 asymptotically for large
diameters [21]. In practice, experimentally observed ratio
was found to oscillate below and above 2 (down to 1.17 and
up to 2.6) for different chiralities and converge to only
around 1.8 for large diameters [21-26]. This problem is often
referred as ‘ratio problem’ in literatures [21]. Neither the
simple TB model nor the extended TB model could account

this observation fully.
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Figure 1. Schematic density of electronic states for a single nanotube
structure. Solid arrows depict the optical excitation and emission transitions
of interest; dashed arrows denote non-radiative relaxation of the electron (in
the conduction band) and hole (in the valence band) before emission. Figure
is taken from [14].

2.1. Experimental Reports on Ratio
Problem

In 2002, Bachilo et al [14] and O’ Connel et al [27]
independently performed two very important fluorescence
spectroscopy  experiments and observed band gap
luminescence from SWCNTs for the first time. As shown in
Fig 1, light absorption at photon energy Ey, is followed by
fluorescence emission near E;;. The values of E;; and Ey
will vary with tube structure. Bachilo et al [14] observed that
absorption (E»,) and emission (E;;) energies from SWCNTs
differ from theoretical predictions of tight binding
calculations. Their measured optical transition frequencies
(v;;) deviate from simple diameter dependence more strongly
than expected. For example, they found v,, value of the (9,2)
tube is 26% higher (by 3700 cm™ or 0.46 eV) than that of
(9,1), even though its diameter is only 6% larger. In addition,
as tube diameter increases, they found the v/ vy (or,
E,»/E 1) ratio apparently approaches a value around 1.75,
smaller than tight binding prediction, thus causing ‘ratio
problem’. Their excitation versus emission frequency plot
showed a blue shift of these frequencies though they did not
highlight this observation in their report.

Sfeir et al [13] observed from their Rayleigh scattering
experiment that the mod 1 type semiconducting SWCNT
have smaller transition energies than mod 2 type for odd
transitions (EUS, E33S,....) whereas, mod 2 type
semiconducting SWCNT have smaller transition energies
than mod 1 type for even transitions (Ezzs, E44S,....) with
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comparable diameters. This observation is not reflected by
Eqn (1) as it gives comparable values of transition energies for

comparable diameters with any constant }/,, irrespective of

mod type. This observation also says that Ey/E;; ratio for
mod 1 and mod 2 type semiconducting SWCNTs will follow
slightly different trend. Thus, with increasing diameters of
SWCNTS, the Ey,/Ey; ratio will not be uniformly decreasing,
rather will rise and fall continuously with the change of mod
value.

Kane et al [21] and Mele et al [22] reported ‘blue shift’ of
transition energies which is also not reflected through Eqn
(1). They observed this problem after scrutinizing
fluorescence spectroscopy results reported by Bachilo et al
[14] and O’ Connel et al [27]. They plotted observed optical
energies of SWCNTs measured in fluorescence spectroscopy
as a function of n/3R and showed that E;; and E,, deviate
from simple linearized tight binding model and are blue
shifted by a nonlinear 1/R scaling as shown in Fig 2. They
termed this observation as ‘blue shift problem’ [13, 22, 26].

Zhao et al [25] discussed both the ‘ratio problem’ and the
‘blue shift problem’. As per their analysis, the ratio problem
is a simple consequence of nearly equal blueshifts of the two

2.2 -

20

1

. . 1
600

700

PR
800
Excitation wavelength (nm)

(a)

lowest optical absorptions (E;; and Ej) from TB
frequencies.
o n=1; v=+1 "
2.5F o n=1; v=-1
@
® n=2; v=+1 o ¥
& A n=2; v=—1 ..0.. o
20 aNe »
= . oo
= L.5 o?.
Ll f@
0.5F
L 1 1 l
0.5 1 ) B 2 2.5
n/3R [1/nm]

Figure 2. Observed ‘blue shift’ of optical transition energies measured from
fluorescence spectroscopy, for mod 1 type (v =+1) and mod 2 type (v=-1)
semiconducting SWCNTs. The solid line gives the prediction of linearized

TB model theory. Figure is taken from [22].
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Figure 3. Comparison of fluorescence spectroscopy result with Tight Binding (TB) calculation. (a) Measured ratios of excitation to emission frequencies by
Bachilo et al [14]. (b) Calculated ratio from an extended TB model for mod 1 type (blue) and mod 2 type (red). Solid lines connect families with equal n — m
values and dotted line connects 2n+m families. Bachilo et al. used the correspondence between (a) and (b) for chirality assignment of each tube. It can be
observed that, for large diameters, lines converge to near 1.75 in (a) and near 2 in (b). Figure is taken from [14].

2.2. Possible Causes Behind Ratio Problem

One of the reasons behind deviation of simple tight binding
model from experimental results is many body effect
(electron-electron interaction) [21-26, 28-32]. The many
body effect comprises an exciton binding energy and a self-
energy. Kane et al [21], Mele et al [22], Lin et al [23],
Spataru et al [24, 32], Zhao et al [25], Dukovic et al [26],
Samsonidze et al [33], Jiang et al [28], Sato et al [29], Ando
et al [30], and Pedersen et al/ [31] studied the many body
effect on electronic properties of SWCNTs. It is believed by

some authors that the main explanation for the ‘ratio
problem’ and ‘blue shift problem’ can be given by showing
the effect of many body interaction in SWCNTs [21-23, 25,
26], even if the relative contributions of self-energy and
excitonic effects are not precisely known yet. The nature and
amount of many body effects are still being discussed in
literatures and also much disputed. Theories which include
many particle interactions are still quite rare and involve
complex calculations. Therefore no complete Kataura plot
has been provided so far which includes curvature effects,
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electron-electron and electron-hole interaction. [34].

However, a recent study of Sato et al [29] showed that, for
E;; and E,, transitions, the chirality dependence of the
exciton binding energy for each (n,m) SWCNT is almost
cancelled by that of the self energy, both effects being of the
same order of magnitude, in the range of 0.5 to 1 eV [23].
Thus the origin of the family pattern for £;; and E5, can be
understood by the chirality dependence of the single particle
energies, by safely ignoring many body effect.

2.3. Significance of Knowing Proper E>/E;1
Ratio

As the electronic and the optical properties of single wall
carbon nanotubes (SWCNT) are directly related with their
chirality, the determination of the chirality (n, m) of
SWCNTs is a necessity before most of the applications in
device level [35, 36]. Identification of spectroscopic features
and correlating them with nanotube geometric structure is
also required to purify, identify, separate and sort nanotubes
after their synthesis [37].

Photoluminescence (PL) excitation [14, 38, 39-43] has been
one of the mainstream tools for nondestructive chirality
characterization of semiconducting SWCNTs.
Photoluminescence (PL) method uses optical absorption and
emission energies for unique chirality assignmen [44, 45].

Bachilo et al. [14] showed Photoluminescence (PL) based
effective (n, m) assignment based on pattern recognition
between experimental and theoretical (derived from
extended tight binding model) plot of the second transition
(excitation energy) versus the first transition (emission
energy). A family is observed in experimental E,,/E;; plot
where nanotubes having same (n-m) values fall along same
symmetric lines or family branches [14]. These families are
directly linked with their chiral index values.

In their method of chirality assignment, after measuring
optical excitation and emission energies they plotted the ratio
of excitation to emission energies for each peak versus the
peak’s excitation wavelength. The result is shown in Fig.
3(a). The pattern of solid lines through these experimental
points qualitatively resembles the pattern shown in Fig. 3(b),
which displays computed findings from an extended tight-
binding model calculation on SWCNTs. Lines have been
drawn through points of species that share the same value of
n — m, referred as nanotube families. The analogy between
the simulation of Fig. 3(b) and the experimental pattern of
Fig. 3(a) enables them to sort the observed data points into
families marked by the solid lines in Fig. 3(a). Their method
established Photoluminescence based chirality assignment of
semiconducting SWCNT as an effective method for unique
assignment using E,,/Eq; ratio plot.

3. Proposed Empirical Formula
to Predict Proper E,>/E;;
Ratio

As discussed earlier, theoretical formulation of ‘ratio
problem’ is not completed yet as its causes are still under
discussion. So, an empirical formula may fill that gap and
will be much useful to predict this ratio correctly. If an
empirical ratio plot can be generated from an empirical
expression of E»/E;; ratio that matches very closely with
known experimental data, then unknown chiral index can be
easily found if experimental ratio plot is superimposed on the
empirical ratio plot.

In this work, a large number of SWCNTs having diameter
~0.4 nm to ~3 nm are considered. Using the condition mod (n-
m, 3) = 1 or 2 for semiconducting SWCNTS, we found total
212 semiconducting SWCNTs within this diameter range,
comprising both zigzag and chiral tubes. After dividing them
according to their mod value we found 110 mod 1 type and
102 mod 2 type semiconducting SWCNTs. Chiral index of
these semiconducting SWCNTs, within this diameter range,
starts from (4, 2) tube with diameter 0.42 nm) and extends up
to (23, 22) tube with diameter 3.094 nm. After sorting them
according to their mod value, we found 110 mod 1 type and
102 mod 2 type semiconducting SWCNTs.

Values of first and second optical transition energies (eV)
corresponding to all these semiconducting SWCNTs are
recorded from various reports of different optical
spectroscopic experiments [6, 10, 12, 14, 27, 44, 46, 47, 38,
48-63]. Recorded data showed that E;; for mod 2 types are
higher than that of mod 1 type whereas E,, for mod 2 types
are lower than that of mod 1 type with comparable
diameters. Sfeir et al [13] also reported this same
observation as mentioned earlier. In order to reflect this
phenomenon, it will be suitable to include a mod value
related term in the proposed empirical formula so as to
follow the ratio trend with the change of mod value.

Also, nanotube’s curvature (which can be represented by d,)
and chirality (n, m) have direct effect on the optical
transition energy values E;; and E,, which in turn has effect
on E»/E;; ratio. So, the proposed empirical formula should
include d; and chiral index term to reflect the effect of
curvature and chirality on E,y/E;; ratio. The required
empirical formula should have the capacity to predict the
E,/E; ratio of SWCNT with any chirality through one
single expression for both mod types without any need for
calculating E;; and E,, separately. Here we have devised
such an empirical formula in terms of diameter d,, chiral
index ( n, m), mod value (k) and numerical fitting parameters
as below:
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k
-1)" (.6d, +2
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1 2n—m d,
Where k=1 or 2 for mod 1 or mod 2 type. This expression is
able to give appropriate E,, to E;; ratio (») for any
semiconducting SWCNTs.

Figure 4 shows the plot of experimental and empirical E,, to
E;, ratio with respect to diameter d,. The pattern similarity
between Fig 4 and Fig 3 is noticeable. It can be observed
from the figure that our empirically generated ratios follow
experimental ratios very closely for each SWCNT. Another
important observation is the ratio approaches to around 1.8 at
higher diameters, which also comply with experimentally
observed ratio.
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Figure 4. (a) Plot of experimental E», to E;, ratio with empirical ratio from
Eqn (2) vs di. b) An enlarged portion of the plot in (a).

Table I gives a summary of the result. It can be noticed from

Table-I that the average absolute error is less than 1% for
diameter above 1 nm.

If experimental ratio plot is superimposed on this empirical
ratio plot generated from Eqn (2), then unknown chiral index
can be easily found. This will simplify the
Photoluminescence (PL) based (n, m) assignment technique
mentioned earlier as now the chirality of each tube can be
readily known from the superimposed plots without the need
of pattern recognition or one to one correspondence between
theoretical and experimental plots.

Table 1. Comparison between experimental ratio of E; to E;; with empirical
ratio from Eqn (2) and corresponding average error and % average error.

Diameter (d,) Average %|AF]
0.4 nm < d;<3 nm 1.37%
1nm<d;<3nm 0.91%
1.5nm <d,<3 nm 0.76%

4. Conclusion

The one-dimensionality of the Single Wall Carbon nanotubes
(SWCNT) gives rise to 1D sub-bands in nanotube density of
states (DOS). Each SWCNT (n, m) has a unique set of
interband transition energies E;. From these transitions, first
and second optical transitions, E;; and E,, of semiconducting
SWCNTs, are more significant than other transitions and are
of more interest. E,»/E;; ratio places an important role in
Photoluminescence (PL) based effective (n, m) assignment
based on pattern recognition between experimental and
theoretical plot of the second transition (excitation energy)
versus the first transition (emission energy). It has been
observed from some optical spectroscopic experiments that
basic TB model fails to explain experimentally observed ratio
of first two optical transition energies of semiconducting
SWCNTs (Exy/Eq;). Basic TB model predicted this to be 2
whereas experientially found ratio is around 1.8. As proper
ratio of Ey/E; is necessary for chirality assignment, so, in
this work, we have proposed an effective empirical
expression to get the proper E,»/E;; ratio for semiconducting
SWCNT with any chirality. In our proposed empirical
expression the nanotube diameter d,, chiral index (n, m) and
mod values are included so as to incorporate curvature effect,
chirality effect and mod type effect on E,,/E;; ratio. The
proposed empirical relation is used to generate the empirical
ratio which is compared with experimental ratio of 212
semiconducting SWCNTs. The empirical ratio was found to
match very closely with experimental ratio over the full
diameter range and also found to be approaching 1.8 at
higher diameters like the experimental ratio. The %average
deviation of empirical result from experimental result is
lesser than 1% for diameter above 1 nm. This empirical ratio
can simplify Photoluminescence (PL) based chirality (n, m)
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assignment technique to find the chiral index (n, m) of any
unknown semiconducting SWCNTs.
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