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Abstract

The main objective of any investor is to ensure the maximum return on investment. During the realization of this goal at least
two major problems appear: the first, in which of the available assets and in what proportions investor should invest. The
second problem is related to the fact that, in practice, as is well known, a higher level profitability is associated with a higher
risk. Therefore, an investor can select an asset with a high yield and high risk or a more or less guaranteed low yield. Two these
selection problems constitute a problem of investment portfolio formation, which decision is given by portfolio theory. In this
paper the detailed theory of portfolio of the two securities, which represents a simple case, containing, however, all the main
features of more common Markowitz and Tobin portfolios has been developed by us. It appears that when selecting anti-
correlated or non-correlated securities, you can create a portfolio with the risk, lower, than risk of any of the securities of
portfolio, or even zero-risk portfolio (for anti-correlated securities).
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Since all variables are nonnegative, the sign of the module
can be omitted

1. A Portfolio of Two Securities

1.1. A Case of Complete Correlation T=0,x +0,x, . (4)

In a case of complete correlation
Substituting x; — 1-f;x, — ¢, accounting x; +x, =1, we

,012 :pzl. (1) get

For the square of the portfolio risk (dispersion), we have

2_ 22, 22 _
0" =01x +0,%) +20,0,0,% %, =

2
22, 22 _
Oy x; +0,x; +20,0,x x2*(01 X +sz2) . @)

Extracting the square root from both sides, we obtain for
portfolio risk

0':‘0'1 X +(72x2‘. (3)

* Corresponding author

o=0 (1-t)+o,t. Q)

This is the equation of the segment (4B), where points 4 and
B have the following coordinates: ([)]A = ( M, 0, ) ;

([)]B 2(;12,02). ¢ runs from 0 to 1. At £ =0 portfolio is at

point 4, and at # =1 — at the point B. Thus, the admissible set
of portfolios in the case of complete correlation of the
securities is a segment (4B) (Fig. 1).
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If an investor forms a portfolio of minimal risk, he must
incorporate in it one type of paper that has less risk, in this

case, the paper 4, and the portfolio in this case is X = (1, O) .
Portfolio yield (effectiveness) /= 4.

H

Fig. 1. The dependence of the risk of the portfolio of two securities on its
effectiveness for fixed parameters of both securities and with increase in the
correlation coefficient from —1 to 1.

With a portfolio of maximum yield, it is necessary to include
in it only securities with higher income, in this case, the

paper B, and the portfolio in this case is X = (0,1) . Portfolio
yield =, .
1.2. Case of Complete Anticorrelation
In the case of complete anticorrelation
Pp=p=-1. (6)

For the square of the portfolio risk (dispersion), we have
0 =07 +07x; +20,0, 053 X, =
022 + 022 _ 2
1% FOx, —2010,0 =01 —0,X, | - Q)

Extracting the square root of both sides, we obtain for
portfolio risk

o =|oyx ~0y,|. (8)

Admissible set of portfolios in the case of complete
anticorrelation of securities consists of two segments (4,C)
and (B,C) (Fig. 1). In this case a risk—free portfolio (point C)
can exists.

Let us find a risk—free portfolio and its profitability.

From (8) one has

01X ~0,x, =0. 9
Substituting in (9) x, =1—-x, , we get

g, X, —a'z(l—xl)=0,

X = (10)
o, +o,
And
a.
X, =l-x =—2—. (11)
o, +0,
Thus, free—risk portfolio has the form
g J,
X = z 1 , (12)
0, +0, 0, +0,
and its yield is equal to
o, + [0
/10 - Iul 2 lu2 1 . (13)
o to,

Note that the risk—free portfolio does not depend on the yield
of securities and is determined solely by their risks, and the
pricing share of one security is proportional to the risk of
another.

Since | o | <1, then, all admissible portfolios are located
inside
(|,0 | <1), or on the boundary (|p | =1), of the triangle ABC.

Example 1

For a portfolio of two securities with yield and risk,
respectively, (0,2;0,5) and (0,4;0,7) in the case of

complete anticorrelation found risk—free portfolio and its
profitability.

First, using the formula (4.30), we find a risk—free portfolio

¥ =| 9% g _( 0.7 0.5
"\ +0, 0, +0, ) \05+0.7°05+0.7

j =(0.583;0.417) -

Then by the formula (4.31) we find its yield
+ 200.7+0.4L00.
,uO:'ulUZ Ko, _0200.7 04[@5:0.283.
g, +o, 0.5+0.7

It is seen that the portfolio yield has an intermediate value
between the yields of both securities (but portfolio is risk—
free!). One can check the results for portfolio yield,
calculating it by the formula (4.8)
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U= x4 +xy 0 =0.583[0.2+0.41700.4 =0.283.

1.3. Independent Securities

For independent securities

P =p=0. (14)
For the square of the portfolio risk (variance), we have
o’ =0ixl +03x; . (15)

Let us find a minimum-risk portfolio and its profitability and
risk. For this it is necessary to minimize the objective
function

o’ =aixi +o3x; (16)
under condition
17)

x +x, =1.

This is the task of a conditional extremum which is solved
using the Lagrange function

L:(lex12+0'22x§+/\(xl+x2—l). (18)
To find the stationary points we have the system
oL _ 200x +A=0
0x,
a—L=20'22x2+/1=0, (19)
Ox,
Z—j =x +tx,-1=0

Subtracting the first equation from the second, we obtain

o'x, =03x, . (20)
Next, using the third equation, we have
oty =03 (1-x ). @1)
Hence
2 2
o (o}
x1=222, _212 (22)
op 0, op +0,
Portfolio
e
X=| 52—, (23)
o to, 07 t0;
and its yield

2 2
- MO, | KO (24)
2, 2 2, 2"
oy to, 07 +0,
The portfolio risk is equal to
o=oix +o3x; = =
(25)

Note that in the case of three securities there is no the direct
analogy with (23) (see 1.4).

Example 2

Using formula (25) it is easy to demonstrate the effect of
diversification on portfolio risk. Suppose a portfolio consists

of two independent securities with risks o, =0,1 and

o0, =0,2, respectively. Let us calculate the portfolio risk by

using formula (25)

= 9% 0102 g0 (26)
Jor +a2  N0.01+0.04
Thus, the portfolio risk
0 =0.0894 27)

turns out to be lower than the risk of each of the securities
(0.1; 0.2). This is an illustration of the principle of
diversification: with “smearing” of the portfolio on an
independent securities, risk is reduced.

1.4. Three Independent Securities

Although this case goes beyond the issue of a portfolio of
two securities, we consider it here as a generalization of the
case of a portfolio of two securities.

For independent securities

P2 =03 =Py =0. (28)

2 _ 2.2 2 2 2.2
g =0yx; +05x5 +03x3 . (29)

We find a minimum-risk portfolio, its profitability and risk.
For this it is necessary to minimize the objective function

2 2.2, 2.2, 22
g =07x; +0,x; +05x;

(30)
under condition
X tx, +x; =1.

€2))

This is a task on conditional extremum, which is solved using
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the Lagrange function.

Let us write the Lagrange function and find its extremum

L=0’12x12+(722x§+0'32x32+/l(x1+x2+x3—1). (32)
To find the stationary points we have the system
oL 207x +A=0
X
9L 203%, +A =0
a2 (33)
0 2
—=205x;+A =0
X3
Z—j =x +x,-1=0.

Subtracting from the first equation the second one, then the
third one, we obtain

2 _ 2
O/x =05%,

2 — 2
Oy X =03y,

Hence
2 2
-0 _o
Xy S X LX3 T (34)
0, g3
Substituting (34) into the normalization condition
X +xy tx =1, (35)

- 4224 2.2, 2.2
U—\/lel +05x;, +03x;3
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we get
2 2
oz
Xty o = (36)
0, 3
Hence
2 2
g E—1 = 929 (37)
! ol o olol+0lot+olor
1+ 1 +71 2¥3 1¥3 1%¥2
g; o}

Substituting this x; value in (34), we get the rest two

components of the portfolio

2 4 _4

2 4 a4
(‘71 0,05 +0,0,03 ""73‘71‘72) B

2 2
_ 0,0;
=75 2 2 2 27 (38)
0,05 07035 +070,
2 2
_ 9,0,
=753 2 2 2. 2" 39)
0,03 +07035 070,
The portfolio has the form
1 2 2. 2 2 2 2
A e S 2(020320103§0102), (40)
0,05 +0,035 +0,0,
and its yield is equal to
2 2 2 2 2 2
_ H0y05 * [5,0,05 + 50,0, (41)
2 2. 2 2 22
0,05 0705 070,
Portfolio risk is equal to
2 4 _4
0,0,0, (42)

2
2 2, 2 2. 2 >
(0203 +0y0;5 +0; 02)

Example 3

For a portfolio of three independent securities with yield and
risk (0.1;0.4) , (0,2;0,6) and (0.4;0.8) respectively, find

X = !

2 42

2 2. 22
0,03 +07 05 +070,

Joid} +aia} +aio}

the minimum risk portfolio, its risk and yield. Portfolio of
minimum risk is given by (40)

2 2, 22, 22 2\ _
(0203,0103,0102)—

_(0.6? 082,042 082,042 0.6*)  (0.2304;0.1024;0.0576) _

©0.62[0.8% +0.4% [0.8 +0.4° [0.6>

(0.2304;0.1024;0.0576)
0.3904

0.2304+0.1024+0.0576

=(0.590;0.263;0.147).

So, X =(0.590;0.263;0.147).
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Risk of portfolio of minimum risk is found by formula (42)

0,0,0;

0.4[0.6[0.8

o= =
JO2G +aial +0Par 0.6 0.8 +047 0.8 +0.4° [0.6°
0.192

0.192

_ 0.192

B 0.2304 +0.1024 +0.0576 B 10.3904 ©0.6348

Finally, yield of portfolio of minimum risk is found by
formula (41)

2 2 2 2 2 2
_HO,05 T [0, 03 + [50,0; _

olol +oio +aiol
_0.10.6> [0.8° +0.2[0.4% 0.8° +0.4[0.4% 0.6 _
0.6% [0.8> +0.4° [0.8% +0.4° 0.6

0.02304 +0.02048 + 0.02304 _ 0.06656
0.2304+0.1024 +0.0576 0.3904

=0.1705.

It is seen that the portfolio risk is less than the risk of each
individual security and a portfolio yield is more than the first
security yield, a little less than the yield of the second
security and less than the yield of third security.

2. Risk-Free Security

Let one of the two portfolio securities to be risk—free.
Portfolio of n—securities, including risk—free one, is named
after Tobin, who has investigated this case for the first time.
Considering portfolio has properties which are substantially
different from those of the portfolio, consisting only of risky
securities. Here we consider the effect of the inclusion of a
risk—free securities into the portfolio of two securities.

Thus, we have two securities: 1(/,11,0) and 2 (/,12,02), with
M, < M, (otherwise it would be necessary to form a portfolio
(1,0) consisting only of the risk—free securities, and we
would have a risk—free portfolio of maximum yield).

We have the following equations:

H= X+ X,
0 =0,X, 43)
x +x, =1

From these equations it is easy to get an admissible set of
portfolios

g
1=t (1= x0) * Xy = ph + (b = ) %o = 0+ (fy = 1) =
2

=0.307.

which is a segment

(44)

U= ,ul+(,uz—,ul)ai, 0<o<o, .
2

I :
My My M

Fig. 2. Admissible set of portfolios, consisting of two securities, one of
which is risk—free.

At 0 =0 portfolio is at a point 1(,ul, 0) ,and at 0 =0,
at a point 2 (/12, 0’2) (Fig. 2).

Although this case is very simple, it is nevertheless possible
to draw two conclusions:

1) the admissible set of portfolios does not depend on the
correlation coefficient (although risk—free
securities considered to be uncorrelated with the other

usually

(risky) securities.

2) the admissible set of portfolios has been narrowed from a
triangle to the interval.

Note that a similar effect occurs in the case of Tobin’s
portfolio.

In conclusion, we present the dependence of yield and risk of
the portfolio on the share of the risk—free securities (Fig. 3).

It is evident that the portfolio risk decreases linearly with X; :

from o, at x; =0 to zero at x; =1, at the same time yield
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also decreases linearly with x, : from g, at x, =0 to 4 at

x =1.
o, up

M

02 “1

>

1 %

Fig. 3. Dependence of yield and risk of the portfolio on the share of the risk—
free security xj .

3. Portfolio of a Given Yield (or
Given Risk)

In the case of a portfolio of two securities, given yield or its
risk identifies portfolio uniquely (except the case ) = i, ,
when only the given portfolio risk uniquely identifies
portfolio itself, see below for details).

Under the given yield (effectiveness) of the portfolio, it is
uniquely defining as the solution of the system

2 O (=) + 03 (=) ~2010,01, (1= 14) (= 1)

{,U:,lel tHh X, (45

x +x, =1,

and under the given portfolio risk, it is uniquely defining as
the solution of the system

{02 =07 +03%; +20,0, 035 X, (46)

x +x, =1
Therefore, in the case of a portfolio of two securities it is not

necessary to talk about the minimal boundary (minimal risk
portfolio for its given effectiveness).

Let us consider the first case — the given yield of the portfolio.

We will assume that f # 1, . The portfolio is uniquely

defined as the solution of the system (45)
{ﬂ =13+ b

x +x, =1,

Expressing x, from the second equation and substituting it

in the first equation, we get

M= xph +xo bty = +(1=x0) = 3 (1 = ) + 1y
Hence, we find

x = H— X = H—H ' (47)
M~ M~

Substituting these expressions into the expression for the
squared portfolio risk we obtain

Sometimes this equation mistakenly is called by the equation
of the minimum boundary. In fact, this equation describes the
connection of portfolio risk to its effectiveness.

Only at f = (4, , when the equality 4= =, is valid for
all the values of x; and x, and the feasible set of portfolios

is narrowing from the triangle to (vertical) segment, we can
speak of the minimal boundary, which in this case consists of

a single point (,L(,Ul) (at 0, <0,)or (/.1,02) (at g, >0,).

Let us consider different limiting cases, considered by us
above.

3.1. Case of Complete Correlation (p;, =1)
and Complete Anticorrelation (p, = —-1)

As it is known, the correlation coefficient, does not exceed

. (48)
(/12 ~—H )2

unity on absolute value, so let us study equation (48) for the
extreme values p = *1.

First, we present general considerations.

For p = #1 it is known, that random variables R, and R, are

linearly dependent. Without loss of generality we can assume
that R, =aR, +b. Then, a portfolio yield can be written as

follows

Ry =x;R +(1-x)Ry =(x; +a(l-x)) R, +(1-x)b. (49)
Therefore,

o =(x+a(l-x)) o, g=(x +a(l-x)) g +(1-x)b. (50)

After elimination of the parameter x; we obtain the
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following relation
0% =(cu+d)’, (51)

i.e. risk, as a function of yield will take the form of a segment
or angle (Fig. 1). Now let’s examine the equation (48) in
cases p ==1.

3.2. Case of Complete Correlation (p;, =1)

U=|01 (u-11) -0, (11— 1))

(52)
(/12 _/11)
3.3. Case of Complete Anticorrelation
(p1z =-1)
U=|Jl (4-m)+ 0y (1 14) (53)
| (#6 — 1)

3.4. Case of Independent Securities (p;; = 0)
Equation (48) takes the form

o Ot () +o3 (u-p)
(ﬂz_ﬂl)z

(34

It could be shown that for intermediate values of the
correlation coefficient p portfolio risk as a function of its

efficiency has the form

2 _ap’ 2pu+y
E .

o (55)

If one finds the shape of the dependence of risk portfolio on
its effectiveness for a given portfolio {(,ul,al),(,uz,a2 )} ,
but for different values of the correlation coefficient, o, then
we can come to the following conclusion: p,, decrease

when the correlation coefficient increase from —1to 1.

In this case, a plot of the risk portfolio of its effectiveness is
becoming more elongated along the horizontal axis, i.e. for a
fixed change in the expected yield y , increase in the risk o

becomes smaller (Fig. 1).
If we also assume that x; D[O, 1] , and therefore x, D[O, 1] , it

is implied from the first formula (45) that /JD[ M, ﬂ2] under
the assumption £4 </, , as M is their convex combination.
Portfolios are part of the boundary of AMB, namely, the part
that connects the points ( J7 Ul) and ( ,LIZ,JZ) (Fig. 1).

Thus, in the case n =2 and under the additional assumption
that x, 20, x, 2 0 the set of portfolios is a hyperbola, or

pieces of broken lines connecting the points (,ul,Ul) and

(/12’02)'

4. Conclusion

The detailed theory of portfolio of the two securities, which
represents a simple case, containing, however, all the main
features of more common Markowitz and Tobin portfolios
has been developed by us. It appears that when selecting anti-
correlated or non-correlated securities, one can create a
portfolio with the risk, which is lower, than risk of any of the
securities of portfolio, or even zero-risk portfolio (for anti-
correlated securities).
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