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Abstract

Chemical compounds and drugs are often modeled as graphs where each vertex represents an atom of molecule, and covalent
bounds between atoms are represented by edges between the corresponding vertices. This graph derived from a chemical
compounds is often called its molecular graph, and can be different structures. In this paper, we determine the logarithm
multiplicative Wiener index and reciprocal complementary Wiener index of fan molecular graph, wheel molecular graph, gear

fan molecular graph, gear wheel molecular graph, and their r-corona molecular graphs.
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1. Introduction

Wiener index, Gutman index, Shultz index,
Geometric-arithmetic index and Zagreb indices are introduced
to reflect certain structural features of organic molecules.
Several papers contributed to determine the distance-based
index or degree-based index of special molecular graphs (See
Yan et al., [1-2], Gao et al., [3-4], Gao and Shi [5], Gao and
Wang [6], Xi and Gao [7-8], Xi et al., [9], Gao et al., [10] for
more detail). The notation and terminology used but
undefined in this paper can be found in [11].

Gutman et al., [12] introduced the logarithm of multiplicative
Wiener index of molecular graph G as:

[(G) = Ln( f2 d(u,v))
{u,viOV(G)

Let D=D(G) be the diameter of molecular graph G. Parallel
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to the Wiener index, the reciprocal complementary Wiener
(RCW) index is defined by [13] as

1
RCW(G)= __r
{u,v;%:/(m 1+D=d(u,v)

Let P, and C, be path and cycle with n vertices. The molecular
graph F,={v} OP, is called a fan molecular graph and the
molecular graph W,={v} OC, is called a wheel molecular
graph. Molecular graph 7(G) is called r- crown molecular
graph of G which splicing  hangs edges for every vertex in G.
By adding one vertex in every two adjacent vertices of the fan
path P, of fan molecular graph F,, the resulting molecular
graph is a subdivision molecular graph called gear fan

molecular graph, denote as 15” . By adding one vertex in every

two adjacent vertices of the wheel cycle C, of wheel molecular
graph W,, The resulting molecular graph is a subdivision
molecular graph, called gear wheel molecular graph, denoted

as W,.
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In this paper, we present the logarithm multiplicative Wiener
index and reciprocal complementary Wiener index of I (F)),

LO7,),1,(F,) and I,0,).

2. Logarithm Multiplicative Wiener Index

+(n*1)§n*2)+(2n71)+nr(;*1) (n*l)(n*Z)rz

Theorem 1. H(I,‘(F:I)):Ln(\/sz 3errseg ey

Proof. Let P,=vv,...v, and the r hanging vertices of vi be vl.1 LV, v/ (1<i<n). Letvbe a vertex in F, beside P,, and the r

i

hanging vertices of vbe v', v*, ..., v'. By the definition of logarithm multiplicative Wiener index, we have

n=-1 n

N, (F)) = Ln((2|—ld(vv)>< |—|d(vv) x |_,I I_ld(vv ) x I] rld(v,,v ) x I_l rl ﬂd(vl,v ) x I:I ”1d(v“v ) x
|‘l rld(vl,v ) x |_,| m!—I ﬂd(v,,v ) x |j|:|k|jld(v,j,v,.k) x |-| |-| “ Ud(vf,v;.)ﬁ)

(n=1)(n-2) nr(r-1) .
:Ln(\/zzﬂr+ s an-)+ 3(2»171»2+<n*1><"’2)4f’2 )
\/ (nfl);"’z)Jr(Zn*I) (n=1)(n-2)
Corollary 1. [|(F,)=Ln(\N2 3 "
\/ 211,4+M+2n+1+m g ’I(II_S)VZ
Theorem 2. T1(1,(W,))=Ln(N2  ? 2 g2y

Proof. Let C,=vv,...v, and vi1 , "1-2 ,..., v be the r hanging vertices of v, (1<i<n). Let v be a vertex in W, beside C,, and V',

v’ , ..., v be the r hanging vertices of v.

By the definition of logarithm multiplicative Wiener index, we have

n-1 n

I_l(Ir(Wn))ZLn((zljd(v,vi) x |:—1|d(v,v,~) x I_,I I_ld(" v/) x I_] rld(V,,v ) X I'l |‘l ﬂd(‘ﬁ V) x I_l ”ld("n" ) x
[1[]demn> 0] M1 []4evn <T] ﬂﬂdw W) x DLLD I a0 V) ))
_Ln(\/zz P g 0 1)32’1’ o 3)4;«(;«2 3, .

n(n n+
Corollary 2. [IW)=Ln(\N2 2 307,

Theorem 3.

2
L+3—2”—3)+2(n—1)(n—2)r+

~ (nil)),z +(5n,l),.+(i+272) 2. 2 (
|—|(Ir (F:z )) — L}’[(2 2 3 22 3(3n72)r- +(n* +3n*6)r+(}1*1)(n*2)4 2

(n=2)(n-3)
2

(n=1)(n=2)r> +(n=3)(n-2 (=2 1
5n Nn=2)r"+(n=3)(n )r6 2 )2'

Proof. Let Pn=v1v2...vn and V,,,; be the adding vertex between vi and vi+1. Let v,.1 LV v/ be the r hanging vertices of vi

i

(1<ign). Let Vfl,,~+1 , vf,+1 ,-..s V.4 be the r hanging vertices of v (1<i<n-1). Let v be a vertex in F, beside P,, and the »
i,i+]
hanging vertices of vbe |1, |2, ..., |r.

By virtue of the definition of logarithm multiplicative Wiener index, we get
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ﬂ([r(ﬁ;,)):Ln((2|jd(v,v") X ﬁd(v,v[) X ﬁl |jd(v,vi’) X ﬁl |jd(vl.,vj) X ﬁl |j lfld(vl.j,vk) X ﬁ |_l| d(v,,v,) x

n 1 n

D i d(v,,v)) x |‘l y !‘| !v_ld(vl,v ) x |‘1|k|‘| d/ vl x 111 ﬂ”d(vl,v)x ﬂd(v Vi) X
rld(v,vj )

i+l

r n-l n n- n

r n=l r ) 1 n=1 r
a0/, % ] DDd(v’,vf,g [0 <10 [J40v0

i=l j= =l j
n r n-l ) n r -1 n=-2 n-1 n-1 r )
J J
<TI0 = T T 00750 % T 7 00 1] n A0, %
i=l j=l k=1 izl j=I =1 i=l j=i+l i=l =
n-1 r i n=1 r=1 r n=2 n 1 r
k 2
. X X
0 M et = [ 1a07 00 = [ 08 00
i=1 jO{1,2,n=1}=i k=1 izl j=l k=j+l i=l j=i+l
BRI P AL L s 2 3n _1)(n=2)r+=2D0=3)
:Ln(z(n 2)r +(5n 2))+( 3 + 3 2)3(3n72)r' +(n? +3n76)”(’171)()172)4; ( 3 + > 3)+2(n=1)(n-2)r+ >

(n=1)(n=2)r> +(n=3)(n-2 (=2t 1
5n Nn=2)r"+(n=3)(n )r6 2 )2'

n’ L3n_ (n=2)(n-3)

Corollary 3. |‘|(F) Ln\22 2 3<n71><n—z>4 >

nr? +3nr+ + )r +2(n=2)nr+ n(n-3) 2 '1("_3)1‘2
Theorem 4 |—|(1 ( )) Ln 2 2 2 33m +n(n+3)r+n(n— 2)4 2 2 5(:1—2)nr +(n—3)nr6 2
Proof. Let C=v\v,...v, and v be a vertex in W, beside C,.. v,,,, be the adding vertex between v; and v;+,. Let viovh, L, v
be the » hanging vertices of v and v, v’ ,..., v/ be the » hanging vertices of v; (1 <i<n). Let Vyun =V, and v JIT vfm yeues
V!

+ i be the  hanging vertices of v, ,,; (1<i<n).In view of the definition of logarithm multiplicative Wiener index, we deduce

M0, 07,) = Ln(@[ v’y x [ = [] [ty = [] [0 % [ ][] 407+ ” [] 400
ﬂﬂmﬂ”ﬂmﬂ Qe <Rt = RN e

|_|d(v V”H)

=1 j=I

r n

[T ]40v,50) % U

i=l j=1 =l

n

l | )>< |n| |n|d(viavj,j+1) X l |d(V17 /m
=l =1 '= j=l
=1

l—| d(vz > Vi, je) X

D |‘|d(v,, V% [T A0y % |‘| |‘|d(v,,ﬂ, ) x

i= 1 J=1 i=1 J=i+l

t=1 =

n-1 n

1,0, e QR A< (R0

\/ n’ 3n n® 3n n(n-3) n(n-3)
2 2 - —3) 2
nr- +3nr+—+—+I1 (—+ )/ +2(n=2)nr+ 2 r
3nr? +n(n+3)r+n(n=2 n=2)nr~+(n=3)nr
Ln\ 2 2 2 3 (n+3)r+n(r )4 2 2 5( yr” +(n=3)r 6 2

n(n-3)

Corollary 4. TIW,) :Ln\/Z 2 2 13n(n—2)4 2
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3. Reciprocal Complementary Wiener Index
The notations for special molecular graphs can refer to Theorem 1- Theorem 4.
’ 1 3 1. 20" 5
+

non
Theorem 5. RCW(I (F))=(——-—+—=)r* +(=n+— +—).
(.(F)) (2 3 2) (4 2 3 12)

Proof. By the definition of reciprocal complementary Wiener index, we have

1 n
RCWAL () = ;1+D d(vv)+;l+D d,v, ;;1+D d(vv) ,ZIZJZ: 1+D- d(vl,v)+

zz1+D d(v v) ZZ1+D d(v,,v) ZZ1+D d(l,1)+

i=1 1 k=1 i=1 j=i+l i=1 j=1

n r n_r-l r n-l n

ZZZW ZZZZm

o o em-ikm 1+ D= dO’V) i=l j=1 k=j+1 i s Vi izl j=i+l k=1 1=1

nr(r D

:%(r(n+l)+(2n—l))+%(2nr+—(n_l)én_z) +@n-2)+ Dy, 1 S (@n=Dr" +(n=D)n=2)

L)

Corollary 5. RCW (F,)=

non 11 1 3 1
Th 6. RCWUI W) =r'(——-=)+r(—n+—)+(=n’—=n).
eorem ,.m)) (2 2) (12 12) (2 5 )

Proof. By the definition of reciprocal complementary Wiener index, we have

1 n - n g 1
RCW .0, )= Z‘HD d(v v)+zl+D d(v,v,) ZZHD d(v, ’)+,-:1‘,-:11+D—d(vl.,vf)+

i=1 i=1 j=1

Z:Z:Z:1+D d(v R Z:z:1+D d(v,,v ZZI+D a’(v,,v)+

i=1 j=1 k=1 i=1 j=i+l i=l j=1

n

2 X EW Zn:ZZIHD dv/ v ZZ:ZZHD d( Vi)

i=1 jO{1,2,,n}=i k=1 i=1 j=1k=j+ i=1 j=i+l k=1 ¢=1

)+ (2nr +n(n-3)+—=

nr(r—1) n(n=3) 2
2 2

1 1 n(n-1)
=—(r(n+D)+2n)+—-C2nr+ +2n+
4(( )+2n) 3( 2

2nz_n 1m 1.3 l
AT (12n+12)+( 2"

n* +5n

Corollary 6. RCWW,)=

551> —98n+54 , 85n° —145n+128  31n* —57n+44
ro+ r+ .

Theorem 7. RCW(I, (F;, )=
60 60 60

Proof. By virtue of the definition of reciprocal complementary Wiener index, we get



24 Yun Gao et al.: Logarithm Multiplicative Wiener Index and Reciprocal Complementary Wiener Index of
Certain Special Molecular Graphs

RCW(I (F ) = Z £y ! vy ey L
1+D- d( V) o 1+ D—=d(v,v,) f:1j:11+D_d(V:V,-j) i:l‘/:ll"'D_d(Vij)

n r 1
_— - + S S—
21;;1+D d( j ;,;J"’D d(V,aV) ;jz;l"'D d(,a, ;]D’l;n}z 11+D—d(vl.,vf)
n r n-l n-l r 1
—_— + + -+
?ZEIHD T ?@E%u o d(vv,”o 22 D)
r ron-l r n_ n-l n_n-l r 1
+ + -
IZ;/Z;I'FD d(V,V,,H) il/lkzl+D d( ) Z 1+D- d(Vmijﬂ) i:lj:lk:11+D_d(viaVk )

Ji*l

n-1 n_r n-l r 1 n=2 n-1 1
+ +

+
z11+D d(vakkﬂ) =l j=1 k=1 1= 1+D d(vl’v ) i=lj=i+l1+D—d(vi,f+1avj,j+1)

]
iM‘

i=1

>v-

k k+1

n—

r 1 n-1 z 2 1 n=1 r-1 2 1
+ i + + -
i=1 j=1 1+D—d(vf,i+1’vfm) o 00—k 1D = d(v“ﬂ’ i=l j=1k=j+11+D_d(v,{,+.’vk )

i+l

n=2 n-1 r r 1

+ =
i=1 ];1 k=1 t= 1+D d(V »V )

Jtl

n* 3n

- (2nr +2n-1)+— ((n ——)r +(5n ——)r + (— +7 -3)+— ((3n 2y’ +(n* +3n—6)r +(n—1)(n—2))

: _ — 2
+§(r2(”?+37”_3)+2(n_1)(n_2)r+w)+ ((n=1)(n=2)" +(n=3)(n - 2)r)+(n 2)(2n )t
550 —98n+54 , 85n* —145n+128  31n* —57n+44

ro+ r+ .
60 60 60

14n* =36n+33

Corollary 7. RCW(F;) = 7

701> = 63n . 85n° —69n+10r+ 3 —12n+12

Theorem 8. RCW(I, (Wn)) =
60 60 60

Proof. In view of the definition of reciprocal complementary Wiener index, we deduce

1 n r n__r 1
RCW(I, W _—
.07 = ;l+D d(v v)+;1+D d,v,) ,Z:‘,Z:‘I+D d(v, ’)+,-:1‘,-:11+D—d(vl.,v’)+
- - - +
;;;1+D d(v v ) 21211+D d(v,,v) ;]Z;I+D d( v, )
n r n +
;jﬂlzn}l;1+D d(l, ;;kz,;11+D d(,, ; ;121;;1"'1) d(vl,v)
< 1
,Z:;l+D—d(v,v”+l) ;;1+D d(vv ;;1+D d(v Vi)
r n r n n r 1
+ - -
= m e LD = d(v,v zzl:fz;l"'D d(v,v”H) ;;;1+D_d(‘}i’vfm)

n_r_ n 1 -1 n 1
D N NP DD DR et 19

i=1 j=1 k=1 (=1 o mal+D - d(v”+1, 1~j+1)

J - k - J k
i=1 j=1 1+D d(vi,i+1 . VIAM ) i=1 jO{1,2,n}~i k=1 1+D d(vi,i+l N V/_./_+1 ) i=1 j=1 k=j+1 1+D d(VuH . V“H )




Corollary 8. RCW(W,)=

4.
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DIWHY

i=1 j=i+l k=1 t=1

1+D- d( V)

i+l joj*l

1 1 n
=—(rQ2n+1)+3n)+—(nr’ +3nr +—+
6(( ) ) 5( >

2
+%((”7 +37")r2 +2(n=2)mr + 22

701> -63n ,
= r

2

n(n 3)

85n* =691 +10
+ r+

3n

)+

25

> +1) +%(3nr2 +n(n+3)r+n(n-2))

S((n= 2)nr? +(n - 3)nr)+”("2 3,

31n” —12n+12

60 60

14n* —24n+13
12

Conclusion

In this paper, we present the logarithm multiplicative Wiener
index and reciprocal complementary Wiener index of fan
molecular graph, wheel molecular graph, gear fan molecular
graph, gear wheel molecular graph, and their r-corona
molecular graphs. The results obtained in our paper illustrate
the promising application prospects for chemistry and
pharmacy science.
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