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Abstract 

Bayesian and frequentist analyses are two fundamental approaches to statistical modeling. Along with the rapid development 

of the frequentist analysis, Bayesian methodology was also developing, although with less attention and at a slower pace. One 

obstacle for the progress of Bayesian analysis has been the lack of adequate computational resources. With the emerging 

advances in statistical and computational software’s, the Bayesian analysis is currently widely accepted by researchers and 

practitioners as a feasible alternative. Bayesian statistics focuses on the probability of the hypothesis, given the data. 

Frequentist statistics focuses on the probability of the data, given the hypothesis. In addition, Bayesian and frequentist 

approaches have different views about what is considered fixed and random, and therefore, have different interpretations of the 

outcomes. The Bayesian analysis assumes that the observed data sample is fixed, model parameters are random, and the 

posterior distribution of parameters is estimated based on the observed data and the prior distribution of parameters. The 

frequentist analysis assumes that the observed data is a repeatable random sample and that parameters are fixed across the 

repeated samples. This paper provides an overview to better understand the Bayesian analysis compared to the frequentist 

analysis. 
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1. Introduction 

Bayesian analysis is an approach to applying probability to 

statistical models. It started as a simple intuitive rule, named 

after Thomas Bayes (1702 – 1761), for updating beliefs on 

account of some evidence. It was derived from the 

application of Bayes’ rule, in the 1700s as an outgrowth of 

his interest in inverse probabilities. It considers model 

parameters to be random quantities and estimates their 

posterior distribution prior knowledge about parameters with 

the evidence from the observed data sample. Bayesian 

analysis is used to combine the information from the 

observed data with a prior knowledge to reduce the posterior 

distribution of the parameters in the model. However, the 

prior knowledge should be informative to increase the 

accuracy of the model estimation and the predictive results 

[1]. Prior knowledge about parameters is described by prior 

distributions and evidence from the observed data through a 

likelihood model. The prior distribution and the likelihood 

model are combined to form the posterior distribution of 

model parameters. The posterior distribution is then used for 

parameter inference, hypothesis testing, and prediction. We 

may have a prior belief about an event, but our beliefs are 

likely to change when new evidence becomes evident. 

2. Background 

With the recent advances in statistical and computational 

software’s, the Bayesian statistics is currently widely 

accepted by researchers and practitioners as a feasible 

alternative [1]. The applications of Bayesian analysis are 

found in diverse areas of science, and engineering, including 
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transportation engineering and vehicular crash modeling [2-

4]. For example, an analysis of crashes using Bayesian 

models was conducted using data from local health areas in 

British Columbia, Canada, between 1990 and 1999 [5]. 

Aguero-Valverde and Jovanis [6] estimated full Bayesian 

hierarchical models, using injury and fatality data from 

Pennsylvania at county level. They used socio-demographics, 

weather conditions, transportation infrastructure, and amount 

of travel as independent variables in the study. Huang et al. 

[7] analyzed crash frequencies using a full Bayesian model at 

county level for the state of Florida. Lord and Miranda [3] 

found that the Bayesian analysis approach can minimize the 

risk of inaccurate model estimation caused by limited data 

when an appropriate informative prior distribution is used 

and real-time traffic variables. Another study conducted by 

Yu et al. [8] suggested that the crash prediction models based 

on the informative priors can produce better prediction 

accuracy using the limited data. Recent advances in 

computing and software’s allowed researchers to develop 

simulations that can facilitate the use of Bayesian analysis. 

For example, Metropolis et al. [9] developed the Metropolis 

algorithm to solve problems in statistical physics. Another 

discovery was developed by the Gibbs sampling algorithm 

that was initially used in image processing, showed that exact 

sampling from a complex probability distribution is possible 

[10]. These ideas were the basis that led to the development 

of Markov chain Monte Carlo (MCMC), which is a class of 

iterative simulation methods proved to be useful tools for 

Bayesian computations. Starting from the early 1990s, 

MCMC-based techniques extensively emerged in the 

statistical practice. For example, Geweke [11] surveyed and 

developed simulation methods for Bayesian inference in 

econometrics; Chernozhukov and Hong [12] reviewed some 

econometrics models involving Laplace-type estimators from 

an MCMC perspective; and Giordani and Kohn [13] 

developed an adaptive independent Metropolis–Hastings by 

fast estimation of mixtures of normals using the MCMC. 

3. Bayesian Versus Frequentist 
Analysis 

Bayesian and frequentist analysis are two fundamental 

approaches to statistical modeling. Perhaps the most frequent 

question is when to use Bayesian analysis and when to use 

frequentist analysis? The answer to this question mainly 

depends on the research problem. For example, if we are 

interested in estimating the probability that the parameter of 

interest belongs to some prior known distribution, we will 

need the Bayesian analysis, because it gives us a reliable 

mathematical means of incorporating our prior knowledge, 

and evidence, to produce new posterior distribution. If we are 

interested in estimating the probability of a repeated 

sampling inference of a parameter without a prior 

knowledge, the frequentist statistics provides that, because it 

assumes that probabilities are the frequency of particular 

events occurring in repeated trials deals [14-17]. The 

following points provide a comparison between the Bayesian 

and the frequentist approaches: 

a. They have different views about what is considered fixed 

and random, and therefore, have different interpretations of 

the outcomes. The Bayesian analysis assumes that the 

observed data sample is fixed, model parameters are 

random, and the posterior distribution of parameters is 

estimated based on the observed data and the prior 

distribution of parameters. The frequentist analysis assumes 

that the observed data is a repeatable random sample and 

that parameters are fixed across the repeated samples [18]. 

b. Bayesian analysis depends on a single rule of probability, 

the Bayes rule, which is applied to all parametric models. 

This makes the Bayesian approach easy to apply and 

interpret the results. The frequentist approach, however, 

depends on a variety of probability distributions designed 

for specific statistical problems and models that cannot be 

applied to other models [19]. 

c. Bayesian analysis uses previous information or belief to 

acquire more balanced results for a particular problem. For 

example, incorporating prior information can mitigate the 

effect of a small sample size, and this makes the Bayesian 

analysis more comprehensive and flexible than the 

traditional frequentist inference [20]. 

d. Bayesian analysis is exact, in the sense that estimation and 

prediction are based on the posterior distribution. In contrast, 

many frequentist estimation procedures are based on the 

assumption of asymptotic normality for inference [1, 10]. 

e. Frequentist analysis is more data-driven, and depends on 

whether or not the data assumptions about a model are 

met. Bayesian analysis provides a more realistic approach 

by depending not only on the assumption of data at hand 

but also on some existing prior knowledge about model 

parameters [10]. 

f. Frequentist statistics tries to eliminate uncertainty by 

providing estimates. Bayesian statistics tries to preserve 

and refine uncertainty by updating beliefs with new 

evidence [17]. 

g. Frequentist analysis is based on the distributions of 

estimators of parameters and provides parameter point 

estimates and their standard errors as well as confidence 

intervals. Bayesian analysis is based on the posterior 

distribution of the parameters and provides summaries that 

are related to this distribution including posterior means, 
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standard errors as well as credible intervals [1, 10, 17]. 

h. Frequentist confidence intervals do not have probabilistic 

interpretations as do Bayesian credible intervals [17-18]. For 

example, the interpretation of a 95% confidence interval is 

that if we repeat the same experiment many times and 

compute confidence intervals for each experiment, then 95% 

of those intervals will contain the true value of the parameter. 

A 95% Bayesian credible interval, on the other hand, 

provides a range for a parameter such that the probability that 

the parameter lies in that range is 95%. Frequentist hypothesis 

testing is based on a decision using a certain significant level 

of whether to accept or reject the null hypothesis based on the 

observed data, and usually the decision is based on a p-value 

computed from the observed data. The p-value cannot be 

interpreted as a probability of the null hypothesis, but rather it 

answers the question of how likely are the observed data 

fitted in the model, and not how likely the null hypothesis is 

true given the observed data. Bayesian hypothesis testing can 

compute the probability of any hypothesis of interest, and can 

directly determine how likely the null hypothesis is true given 

the observed data [19]. 

i. The Bayesian approach uses potentially subjective prior 

distribution that different individuals may specify different 

prior distributions. Proponents of frequentist statistics 

argue that for this reason, Bayesian methods lack 

objectivity. On the other hand, some Bayesian proponents 

argue that the classical methods of statistical inference 

have built-in subjectivity such as a choice for a sampling 

procedure, whereas the subjectivity is made explicit in 

Bayesian analysis [17]. 

4. The General Concept of the 
Bayesian Analysis 

The goal of Bayesian analysis is to provide sound procedure 

for incorporating our prior beliefs, with any evidence at hand, 

in order to produce an updated posterior belief [20]. The 

statistical inferences of a Bayesian analysis come from 

measures of the posterior distribution, which has two 

components: a likelihood probability based on the observed 

data; and a prior knowledge, which includes prior information 

(before observing the data) about model parameters. The 

posterior distribution is expressed in general form by: 

The posterior = 
����������∗	
��


��
���� ����������
                     (1) 

This equation states that the posterior distribution of model 

parameters is proportional to their likelihood and prior 

probability distributions [14]. The Bayesian approach does 

provide a more intuitive framework for explaining the results 

of an analysis. It provides a way to build models and perform 

estimation and inference for complicated problems [17]. 

5. The Bayes’ Rule 

The Bayes’ rule expresses the conditional probability of a 

random event A occurring, given that a random event B has 

occurred (written as P(A|B)), in terms of unconditional 

probabilities [17]. Let P (·) denotes a probability mass 

function or a density, depending on whether the variables are 

discrete or continuous. The law of conditional probability 

between A and B is given by: 

P (A|B) = 
� (�,�)

� (�)
 = 

� (�).� (�|�)

� (�)
                    (2) 

The Bayes’ rule can be expressed, in term of unconditional 

probability, as: 

P (B|A) = 
� (�|�).� (�)

� (�)
                             (3) 

6. The Posterior Distribution 

In general case, the Bayes’ rule can be applied when both A 

and B are random vectors. For a vector data y, which is 

assumed to be a sample from a probability model with an 

unknown parameter vector θ, the likelihood function of the 

model is given by: 

L (θ| y) = f (y| θ) = ∏ � (��|�) �
���                  (4) 

where, 

L (θ| y): the likelihood function of the model, 

f (yi| θ): the probability density function of yi given θ. 

In Bayesian analysis, the parameter θ is a random vector that 

is assumed having a probability distribution P (θ) = π (θ), 

which is referred to as a prior distribution. Because both y 

and θ are random, then we can apply Bayes’ rule (Eq. 3) to 

derive the posterior distribution of θ given the data vector y: 

P (θ| y) = 
� (�).� (�|�)

� (�)
 = 

  (�: �) " (�)

� (�)
                    (5) 

where, 

m (y) ≡ P (y): the marginal distribution of y that is defined 

by: 

m (y) = # � (�: �) $ (�) %�                         (6) 

Since the marginal distribution m(y) does not depend on the 

parameter θ, then (Eq. 6) can be reduced to: 

P (θ| y) ∝ L (θ: y) π (θ)                         (7) 

Equation (7) is important in Bayesian analysis and simply 

states that the posterior distribution of model parameters is 
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proportional to their likelihood and prior probability 

distributions [17-18]. This equation is used more 

conveniently in log-scale form: 

ln {P (θ| y)} = L (θ: y) + ln {π (θ)} – c               (8) 

The actual value of the constant c = ln {m (y)}. In Bayesian 

analysis, inference about parameters θ is based on the 

posterior distribution P (θ| y). 

7. The Point and Interval 
Estimation 

The point and interval estimation can be used to summarize 

the posterior distribution. Commonly used point estimators 

are the posterior mean, which is given by [17]: 

E (θ| y) = # � & (�: �) %�                      (9) 

The posterior median, q0.5 (θ), which is the 0.5 quantile of the 

posterior is given by: 

P {θ ≤ q0.5 (θ)} = 0.5                       (10) 

Interval estimation is performed by the credible intervals. Let 

1 − α ∈ (0, 1) be some predefined credible level. Then, an 

{(1 − α) × 100}% credible set R of θ is given by: 

P (θ ∈ R| y) = # ' & (�| �) %� = 1 −  +          (11) 

There are two types of credible intervals. The first one is 

based on quantiles. The second one is the highest posterior 

density (HPD) interval. An {(1 − α) × 100}% quantile-based 

credible interval, is defined as, (qα/2, q1−α/2), where qa is the 

ath quantile of the posterior distribution. A commonly 

reported equal-tailed credible interval is (q0.025, q0.975). The 

HPD interval is defined as an {(1 − α) × 100}% credible 

interval of the shortest width that corresponds to the region of 

the highest posterior density concentration [17-18]. 

8. Bayesian Models 
Comparison 

Model comparison is another important step in Bayesian 

analysis to get the most efficient produced model. Let’s 

assume that we have models Mj that are parameterized by 

vectors θj, j = 1, 2… r, and our belief in each of these models 

is given by prior probabilities P (Mj). By applying Bayes’ 

rule, we can find the models posterior probabilities: 

P (Mj| y) = 
� (,-).� (�|,-)

� (�)
                        (12) 

Where, 

P (y|Mj) = mj (y): the marginal likelihood of Mj with respect 

to y. 

Because of the difficulty in calculating P (y), it is 

recommended to compare two models, say, Mj and Mk, using 

the posterior odds ratio (POjk): 

POjk = 
 � (,-|�)

� (,�|�)
 = 

� (�|,-) � (,-)

� (�|,�) � (,�)
                  (13) 

If all models are equally fitted, that is, P (Mj) = 1/r, then the 

posterior odds ratio reduces to the Bayes factors (BF) [21]: 

BFjk = 
 � (�|,-)

� (�|,�)
 = 

�- (�)

�� (�)
                          (14) 

Hence, the Bayes Factors (BFjk) are simply ratios of marginal 

likelihoods. The BFjk are often based on half-units of the log 

scale, and with some evidence in favor of model Mj vs. 

model Mk [21-22] as shown in Table 1. The Schwarz 

Bayesian criterion (BIC) is an approximation of the BF if 

proper priors are used [21]. 

Table 1. Criteria for using the Bayes Factors. 

BFjk Interpretation against Mk 

1 – 3 No evidence 

3.1-20 Substantial evidence 

20-150 Strong evidence 

>150 Very strong evidence 

9. The Posterior Prediction 

Parameter prediction is essential part of the Bayesian analysis 

using the posterior distribution. The probability of predicting 

some future data y∗ given the observed one (y) can be 

obtained by [21-22]: 

P (y∗|y) = # .(� ∗ | �) &(�|�) %�                    (15) 

10. Markov Chain Monte Carlo 

(MCMC) 

Since the different types of the posterior distributions are not 

easily calculated, hence, it is essential to use simulation-

based methods to estimate the posterior distribution using the 

computing advances. Simulation try to treat a real 

phenomenon through retreatment in a controlled environment 

set up by the researcher. These simulation methods involve 

repeatedly drawing samples from a target distribution and 

using the resulting samples to approximate the posterior 

distribution [20]. One difficulty in performing Bayesian 

analysis is to compute integrals of marginal distributions and 

posterior moments. These integrals are of the form E {g (θ)} 

= # / (�) & (�|�) %�  for some function g (·) of the random 

vector θ. These integrations can be done only via simulations 

[17]. Monte Carlo integration process is used in the Bayesian 

analysis to approximate the integrals. Let θ1, θ2,..., θT be an 
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independent sample from the posterior distribution P (θ| y). 

The original integral E {g (θ)} can be approximated by the 

central limit theorem: 

g ̂ = 
�

0
 ∑ / ��0

� )                             (16) 

In order for the central limit theorem to hold, the 

convergence rate of the Monte Carlo integration must be 

checked, which is difficult in practice [23]. Therefore, an 

alternative solution is to use the Markov chain, which is a 

succession of random steps characterized by the Markov 

property of being totally independent of all prior states 

except for the current state from which it moves to the next 

state. Putting the Monte Carlo integration and the Markov 

Chain together, the Markov chain Monte Carlo (MCMC) 

methods are accepted as effective tools for approximate 

sampling from general posterior distributions [23]. For a 

well-designed MCMC, the longer the chain, the closer the 

samples to the stationary distribution. The Metropolis 

algorithm was the earliest version of MCMC, which 

generates a sequence of states, each obtained from the 

previous one, according to a Gaussian distribution centered at 

that state. The Metropolis – Hastings (MH) is a more 

generalized algorithm, which allows any distribution to be 

used as a proposal distribution. Another MCMC method that 

can be viewed as a special case of MH is the Gibbs sampling, 

where the updates are the full conditional distributions of 

each parameter given the rest of the parameters [21]. The 

original Gibbs sampler updates each model parameter one at 

a time according to its full conditional distribution. Some of 

the advantages of Gibbs sampling include its high efficiency, 

because all posterior proposals are automatically accepted, 

and that it does not require any additional tuning for proposal 

distributions in MH algorithms. The hybrid MH sampling is 

an MCMC method in which some blocks of parameters are 

updated using the MH algorithms and other blocks are 

updated using Gibbs sampling. The hybrid MH algorithm, 

implements Gibbs updates for only some blocks of 

parameters. A hybrid MH algorithm combines Gaussian 

random-walk updates with Gibbs updates to improve the 

mixing of the chain [23-31]. 

11. Assessing the Convergence 
of the MCMC 

The convergence of the MCMC must be checked before 

working with the resulting posterior statistics. An un-

converged Markov chain does not explore the parameter 

space sufficiently, and the samples cannot approximate the 

target distribution well [1]. One difficulty with assessing the 

convergence of MCMC is that there is no single conclusive 

convergence criterion [23], but in general, there are some 

visual checks and diagnostic tests that can be used to assess 

the MCMC convergence, including: 

a. Trace plots and density plots 

Trace plots show the simulated values for a parameter versus 

the iteration number. Density plots show the probability 

density function versus the iteration number. The trace plot of 

a well-simulated parameter should traverse the posterior 

domain entirely and should have nearly constant mean and 

variance, and look stable and hairy. The density plot should 

be normally and uniformly distributed with the x-axis. The 

aspects of good convergence that are most recognizable from 

a trace plot are a relatively constant mean and variance [1]. If 

trace plots and density plots are both not satisfactory, then 

additional MCMC samples should be used until they are 

satisfactory [13]. Figure 1 shows a typical trace plot and 

density plot of a converged chain for a model parameter, and 

Figure 2 shows a typical trace plot and density plot of an 

unconverged chain for a model parameter. 

 

Figure 1. Typical trace and density plots of converged MCMC. 

 

Figure 2. Typical trace and density plots of unconverged MCMC. 
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b. The autocorrelation plots 

Samples simulated using MCMC procedure are often 

correlated. Autocorrelation measures the dependency among 

the Markov chain samples, and high correlations can indicate 

poor mixing. The smaller the correlation, the more efficient 

the sample mixing process and convergence. Most of the MH 

algorithms typically generate highly correlated samples, 

whereas the Gibbs algorithm typically generates less 

correlated samples. Some software packages produce 

autocorrelation plots for the simulated samples. These plots 

should be inspected to ensure low autocorrelation for each 

simulated sample as an additional visual diagnostic test for 

the MCMC convergence [19]. 

c. The plots of cumulative sums of MCMC 

The plot of cumulative sums of an MCMC sample is a plot of 

cumulative sums of the differences between sample values 

and their overall mean against the iteration number. They are 

also known as a (CUSUM plot). By definition, any CUSUM 

plot starts at 0 and ends at 0. CUSUM plots are useful for 

detecting drifts in the chain. For a chain without trend, the 

CUSUM plot should cross the x- axis. For example, early 

drifts may indicate dependence on starting values. If we 

detect an early drift, we should discard an initial part of the 

chain and run it longer. CUSUM plots can be also used for 

assessing how fast the chain is mixing. The slower the 

mixing of the chain, the smoother the CUSUM plots. 

Conversely, the faster the mixing of the chain, the more 

jagged the CUSUM plots [1, 19]. 

d. The Gelman and Rubin diagnostic test 

Gelman and Rubin diagnostic uses parallel chains with 

dispersed initial values to test whether they all converge to 

the same target distribution. Failure could indicate the 

presence of a multi-mode posterior distribution (different 

chains converge to different local modes) or the need to run a 

longer chain [24]. This test is a one-sided test based on a 

variance ratio test statistic. A value of less than 1.2 of the test 

statistic indicates convergence. Larger values indicate 

nonconvergence. 

e. The Geweke Diagnostic test 

The Geweke diagnostic takes two nonoverlapping parts 

(usually the first 0.1 and last 0.5 proportions) of the Markov 

chain Monte Carlo and compares the means of both parts, 

using a difference of means test to see if the two parts of the 

chain are from the same distribution. The test statistic is a 

standard z-score with the standard errors adjusted for 

autocorrelation. This test is a two-sided test, and large 

absolute z-scores indicate nonconvergence [25]. 

f. The Heidelberger and Welch Diagnostic test 

The Heidelberg and Welch diagnostic calculates a test 

statistic (based on the Cramer-von Mises test statistic) to 

accept or reject the null hypothesis that the Markov chain 

Monte Carlo is from a stationary distribution. The diagnostic 

consists of two parts. In part one; if the null hypothesis is 

rejected, discard the first 10% of the chain. Repeat until the 

null hypothesis is accepted or 50% of the chain is discarded. 

If test still rejects the null hypothesis, then the chain fails the 

test and needs to be run longer. If the chain passes the first 

part of the diagnostic, then it takes the part of the chain not 

discarded from the first part to test the second part. The half-

width test calculates half the width of the (1 − α)% credible 

interval around the mean. If the ratio of the half-width and 

the mean is significant, the chain passes the test. Otherwise, 

the chain must be run out longer [26]. 

g. The Raftery and Lewis Diagnostic test 

The Raftery and Lewis diagnostic evaluates the accuracy of 

the estimated percentiles by reporting the number of samples 

needed to reach the desired accuracy of the percentiles. 

Failure could indicate that a longer Markov Chain Monte 

Carlo is needed. If the total samples needed are fewer than 

the MCMC sample, this indicates nonconvergence [27]. 

12. Conclusion 

Bayesian analysis is an approach to applying probability to 

statistical models. It was named after Thomas Bayes (1702 – 

1761) for updating beliefs on account of some evidence. For 

the next 200 years, however, Bayes’ rule was just an obscure 

idea. Along with the rapid development of the frequentist 

statistics in 20th century, Bayesian methodology was also 

developing, although with less attention and at a slower pace. 

One obstacle for the progress of Bayesian analysis has been 

the lack of adequate computational resources. With the 

current advances in statistical and computational software’s, 

the Bayesian statistics is currently widely accepted by 

researchers and practitioners as a feasible alternative. The 

applications of Bayesian analysis are found in diverse areas 

of science, and engineering. Compared to the frequentist 

analysis, the Bayesian statistics focuses on the probability of 

the hypothesis, given the data, while the frequentist statistics 

focuses on the probability of the data, given the hypothesis. 

The Bayesian analysis assumes that the observed data sample 

is fixed, model parameters are random, and the posterior 

distribution of parameters is estimated based on the observed 

data and the prior distribution of parameters. The frequentist 

analysis assumes that the observed data is a repeatable 

random sample and that parameters are fixed across the 

repeated samples. Frequentist analysis is more data-driven, 

and depends on whether or not the data assumptions about a 

model are met. Bayesian analysis provides a more realistic 
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approach by depending not only on the assumption of data at 

hand but also on some existing prior knowledge about model 

parameters. Despite the many advantages of Bayesian 

analysis, there is an ongoing controversy about its application 

in practice. There are two main disadvantages; the presumed 

subjectivity in choosing prior information and the 

computational challenges in implementing Bayesian 

methods. The Bayesian approach uses potentially subjective 

prior distribution that different individuals may specify 

different prior distributions. Proponents of frequentist 

statistics argue that for this reason, Bayesian methods lack 

objectivity and should be avoided. On the other hand, some 

Bayesian proponents argue that the classical methods of 

statistical inference have built-in subjectivity such as a choice 

for a sampling procedure, whereas the subjectivity is made 

explicit in Bayesian analysis. The computational challenges 

include difficult integrals that can only be computed using 

simulation methods. 
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