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Abstract

Most Mechatronics systems are designed with synergy and integration to operate with exceptional high levels of accuracy and
speed despite adverse effects of system nonlinearities, uncertainties and disturbances. Both rise time and peak time are used as
a measure of swiftness of response, meanwhile, the closeness of the response to the desired response, is measured by the
overshoot and settling time. Most used formulae and expressions for determining such performance specifications in texts lack
accuracy, since it is more difficult to determine the exact analytical expressions of most used specifications. This paper
proposes derivation of more accurate analytical expressions for rise time that can be applied to reflect the actual Mechatronics
system rise time and used in accurate performance evaluation and verification.
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important performance measure 'rise time' intended for
1. Introduction research purposes in accurate verification/validation of
Mechatronics systems performance evaluation as well as for

Most used formulaec and expressions for performance e .
the application in educational process.

specifications in texts e. g. [1-8] lack accuracy. The
determined  performance specifications using these
expressions, rarely accurate compared with actual results and 2, Case Classification
measurements since it is more difficult to determine the exact
analytical expressions of most used specifications and most
introduced expressions are rough approximation of actual
values. Mechatronics systems are supposed to operate with
high accuracy and speed despite adverse effects of system
nonlinearities and uncertainties, therefore, accuracy in
Mechatronics systems performance is of concern, and the
need for precise analytical expressions for mechatronics
systems performance specifications calculation, is highly
desired. This paper extends writer's previous work [9], and
proposes derivation of accurate analytical expression for an

The step response is the measured reaction of the control
system to a step change in the input, step response has
universal acceptance and popularity, because of simplicity of
its form facilitates mathematical analysis, modeling, and
experimental verifications, as well as it is easy to generate
and has several measurement techniques for recording the
time domain response. A typical step response and its
associated performance specifications of second order
systems are shown in Figure 1. The most used performance
specifications are; Time constant 7, Rise time 7%, Settling
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time T,, Peak time, Tp, Maximum overshoot Mp, Maximum
undershoot M,, Percent overshoot OS%, Delay time T, The
decay ratio Dy , Damping period T, and frequency of any

oscillations in the response, the swiftness of the response and
the steady state error e,,.
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Figure 1. Second-order underdamped response specifications [9].

2.1. Rise Time Ty

In control theory applications, rise time is defined as "the
time required for the response to rise from x% to y% of its
final value", with 0%-100% rise time common for
underdamped second order systems, 5%-95% for critically
damped and 10%-90% for overdamped [10]. The transient
response of the system may be described in terms of two
factors; a) The swiftness of response, as represented by the
rise time and the peak time. ) The closeness of the response
to the desired response, as represented by the overshoot and
settling time. Therefore, the rise time yields information
about the speed of the transient response. This information
can help a designer determine if the speed and the nature of
the response do or do not degrade the performance of the
system [11]. It is, for example determines speed of rise of
flow or pressure (e.g. volume or pressure control modes)

2.2. Rise Time for First Order Systems

First order systems without zeros and systems that can be
approximated as first order systems are described by first
order differential equation and transfer function, derived as
given by Eq. (1). As shown in Figure 2, the response is
characterized by time constant 7, rise time T%, settling time T
and steady state error ey, where the only parameter required
to characterize response is time constant 7, and when first
order system is subjected to a unity step input, R(s) = 1/s, as

by Eq. (2) the response for these systems is either natural
decay or growth generated by the system pole:

a B;itx(t) +b(¢) =u(?)
al3X (s)+b K (s) =U(s)

X@{%@+@:%U@) (1)

X@ﬂh+ﬂ=%um)

G(s):X(s): /b _ Kpe
U@r) Ts+1 Ts+1
= R(s)* G(s) = L Koc_
C(s) = R(s)*G(s) 7o+ @

Taking the inverse transform, the (solution) step response is
given by Eq. (3). Rise time is found by solving Eq. (3) for the
difference in time, e.g. rise time for 10% to 90% criterion is
found by solving Eq. (3) for the difference in time at c(?) =
0.9 and ¢(2) = 0.1, as given by Eq.(4)

c(s)=1-¢e™ 3)
T,=(-e™)=(1=-e™)
r 223026 01054 _2.1972 “)
K a a a
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The rise time can be measured in terms of the time constant,

and given by Eq. (5):

c(f) b Slope=1/T
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Figure 2 (a). First order system response to step, and performance specifications.
Step Response
25 \
- - - - - - e ®
fffffffff |
| | |
15+ : ‘ i
P | |
é | | |
5 ] | |
< 107\ | | |
| | |
| | |
5r] | | 1
| Timelconstant,T | Risetime, Tr| Settling time, Ts 5T
0 ‘ %\ | ! ‘ \ ! \
0 20 40 60 80 100 120
Time (sec)

f90

ho

Figure 2 (b). Performance specifications of first order PMDC motor step response.
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T,=(1-e7)—(1-e”)=2.3026T —0.1054T =2.1972T (5)
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2.3. Rise Time for Second Order System

For second order systems, and systems that can be
approximated as second order systems, when subjected to
step input, R(s) = A/s, the response depends on pole location
on complex plan given by Eq. (6), that in turns, depends on
damping ratio ¢, and undamped natural frequency w,, where
damping ratio determines how much the system oscillates as
the response decays toward steady state and undamped
natural frequency w,, determines how fast the system
oscillates during any transient response, based on this, there
are four cases of stable response to consider; undamped,
underdamped, critically damped and overdamped response.

P=-¢w * jw1-& (6)

For underdamped case; 0<(<1 and two complex conjugate
poles given by Eq.(6), allow us to rewrite general form of
second order system to have the form given by Eq.(7). To
obtain inverse Laplace transform we need to expand by
partial fractions and solve, this all gives:

Cls) _ o _ 2 (7)
RG) s 428w +a - (s+ée,+ 1-8)s+Ew, = \1-8)
C) _1 w,f N
R(s) s (s"+2éws+af)
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Taking inverse Laplace transform, gives:

c(t)=1-e“ (cosew,t +

& .
sina),t) 8
[1_{2 ( )

This can be rewritten to have the following forms:

c(t)y=1-

~éwt wt-
e e *“" cos( )} )

[
$—F€g

Eq.(8),(9)and(10) show that the damped natural frequency w,,

c()=1- sin(ew,t +cos™ &)

(10)

given by @) = @+1-77 ,is the frequency at which the system

will oscillate if the damping is decreased to zero.

Eq.(8) shows that performance of second order system

depends on damping ratio { and undamped natural frequency
w, . Plots of the step response as functions of the normalized
time w,t for various damping ratio values of 0 < { <1.5 are
illustrated in Figure 3 (a), the curves show that he response
becomes more oscillatory as ¢ decreases in value, up to (=1,
when { > 1, the step response does not exhibit any overshoot
or oscillatory behavior, also when { between 0.5 and 0.8 the
system reaches final value more rapidly. Plots of the step
response for various w, are illustrated in Figure 3 (b), the
responses show that w, has a direct effect on the rise time,
delay time, and settling time but does not affect the overshoot

[9].

It is difficult to determine precise analytical expressions for
rise time Tr[11] for second order systems. Different
approximate formulae for the rise time appear in different
texts[1-8]. One reason for that is because of different
definitions of the rise time [7], as well as the required
accuracy. An alternative measure to represent the rise time is
as the reciprocal of the slope of the step response at the
instant that the response is equal to 50% of its final value
[3][9], that is at delay time Tp. The exact values of rise time
for given range of damping ratio, can be determined directly
from the responses of Figure 1, or rise time is found by
solving Eq. (8) for the difference in time e.g. rise time for
10% to 90% is found by solving Eq. (8) for the difference in
time at ¢(?) = 0.9 and ¢(¢) = 0.1. For underdamped case; 0%
to 100% of its final value, the rise time can be obtained by
equating Eq.(8) with unity and solve for time ¢, that is rise
time, this shown in equations below. Also MATLAB code
can be written to return actual values of rise time, and plot it
again given range of zetas, an example code, is written and
applied in this paper.

c(t) =1-e %" (cos ), T, +

£
sinw,T,) =1 11
e (n

Since ¢ @ #( , we have:

1-¢&
3

cosw, T, + sinw,T, =0= tanw, T, =—

<
J1-&

WA1-¢ 1
tan w, T, =—Q3TR =

4(%
—tan -
w, @, ¢w,

TP m—tan"'(J1-&2 /)

R
@, wA1-&

- 0<é<1

Where, referring to Figure 4 (a), ¢ is defined by the following
Eqgs.:

p=cos () = p=sin" (J1-¢") = w:tan-l(i“l?()
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In the limit as £ — 0, this equation can be approximated as:

_nm-m/2_ m
w, 2w,

n

T,

R

In the limit as & — 1, this equation can be approximated as:

T, = m-0 _ n

wN1-&  wy1-¢

(12)

These equations imply that rise time increases as damping
approaches unity. An approximation techniques can be used
to estimate approximate values; by plotting normalized time

w,Ty versus range of 0 < { <1.5, and then approximate the
curve by a straight line or over the range of 0 < { < 1. We
first designate w,7; as the normalized time variable and
select a value for . Using the computer, we solve for the
values of w,Tp that yield ¢ = 0.9 and c@®) = O0.1.
Subtracting the two values of w, T yields the normalized rise
time, ®, Ty, for that value of { [4], continuing in like fashion
with other values of {, and we obtain the results plotted in
Figure 4(b). for w,=I, this plot shows that increase in
damping ratio leads to increase in the rise time that is not
desirable .
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Figure 3 (a). Plots of the step response for various 0< { <1.5 with ©,=10.
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Figure 3 (b). Plots of the step response for various w, with =0.2.
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3. Deriving Analytical
Expressions for Rise Time Ty

3.1. Expressions for Rise Time Ty of 0% to
100% Criterion

Applying curve fitting to curve shown in Figure 4(b), to
derive an approximate third order approximation given by
Eq.(13):

1.7658° —=0.4178% +1.039& +1
a

n

T, 0 =0<£<09

(13)

Quadratic approximation can result in expressions given by
Eq.(14)

223087 —0.0788 +1.12

T, O =0<£&<09
@,
2 _ (14)
T, D2,9175 3.4167£+1 ~0<E<l

Referring to [3] the rise time Tg, for second order
underdamped system, can be approximated as a straight line
given by given by Eq.(15):

T, DM:>0<{<1

n

(15)

Referring to [4] the linear approximation of rise time is given
by Eq.(16):

_0.6+2.16

T, =03<8<08 (16)
Referring to [5] rise time is given by given by Eq.(17):
22
R T (17)
Referring to [6] rise time is given by given by Eq.(18):
T, :1.2—0.454‘+2.6f2 —F<12
TR=4'7‘L1?I =é&>12 (9

n

All these equations shows that rise time is proportional to
and inversely proportional w,. based these equations, it can
be stated that, the maximum overshoot and the rise time
conflict with each other, as overshoot increases, the rise time
decreases, this means that we can nofe make both the
maximum overshot and the rise time smaller simultaneously,
if one is made smaller the other will become larger.

Most of these derived expression are rough approximations
and mostly has huge deviation at actual values, this is shown

in Figure 4(c) that shows the plots of different approximation
for rise time against damping ratio (PO) .

Analyzing actual curve rise time against damping ratio,
shown in Figure 4(b), show that the curve can be fit as ramp
in some regions and of second order in others. applying curve
fitting and trial and error approaches, a better and more
accurate expressions, can be suggested for 0 < { < 0.4, for
0.4<{< 1.2, and for { > 1.2, suggested analytical expressions
are given by Eq.(19):

_1.2-026+38

Ii=———— =0<{<04
@,
TR:1.26—0.516+2.58<‘“ —04<E<12 (19)
@,
TR:&{-I'2 35>12
@,

Plotting actual rise time and a rise time obtained using
suggested expressions, both versus normalizes time, are
shown in Figure 4(d), analysis of both plots show that the
suggested expressions match the actual values with
maximum upper error of 0.06 seconds for 0.34 <{< 0.4, and
maximum upper error of 0.026 seconds for 0.6 < < 0.7. this
can lead us to conclude, that the suggested expressions can
be used to analytically calculate rise time with error of + 0.02
seconds.

3.2. Expressions for Rise Time T, of 10% to
100% Criterion

Applying the same procedure, expressions given by Eq.(20)
are proposed. Plotting actual rise time and a rise time
obtained using proposed expressions, both versus normalizes
time, are shown in Figure 5,

_1.15-0.216 +2.55¢&7

Tk =0<é<04

@,

_ 2

T, :1.26 0.55¢ +2.58& = 04<5<085

w,

1.2-0 45.5”+ 2.58&2 (20)

Iy=—""———— =085=s¢<12

@,
, :4.696-1.19 12

n

4. Testing Proposed
Expressions Against MATLAB

To test the proposed expressions, against actual values, a
MATLAB code is written to calculate rise time for a given /
or /I order systems. Rise time is to be calculated, applying
each of the following: MATLAB control toolbox , proposed
expressions, rise time as the reciprocal of the step response
slope at delay time T}, , Rise time for the difference in time
for 10% to 90% by solving Eq. (8)
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Figure 5. Rise time, /0%-90%, comparing actual normalized rise time
against obtained using derived expressions.

Testing for I or II order systems given by Eq.(21-23), will
result in rise time values actual and calculated given in tables
1-3. Analysis of plots of both actual rise time and calculated
using suggested expressions, both versus normalizes time
shown in Figures 4,5, as well as ,calculated data in tables1-3,
show that the suggested expressions match the actual values
with very small deviation from actual value, this can lead us
to conclude, that the suggested may be used to reflect the
actual value and can be applied in accurate calculation,
evaluation and verification of rise time with error of = 0.01
seconds

6
G)=—— 21
®) 2 +25+6 @
4
G =——— 22
©) s +2.4s+4 22)
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G(s) =

s+2 (23)

Table 1. Testing for II order system given by Eq.(21).

Proposed TR (0.1- Proposed TR MATLAB. MATLAB (step TR at TD
0.09) (0.0-1) Step properties :TR (0.0-0.9) properties:0-1) slope
Calculated TR~ 0.59827 0.60494 0.6040 0.605 0.642
Actual Tr 0.58837 0.60394 0.60394 0.60394 0.60394
Deviation 0.0099 0.0010 0.0001 0.0011 0.0381
Table 2. Testing for II order system given by Eq.(22).
Proposed TR (0.1- Proposed TR (0.0- MATLAB MATLAB TR at TD
0.09) 1) Step properties :TR (0.0-0.9) (step properties:0-1) slope
Calculated T~ 0.92940 1.39015 0.928 1.4 1.25
Actual Tr 0.91803 1.39015 0.91803 1.39015 1.39015
Deviation 0.0114 0 0.01 0.0098 0.1402
Table 3. Testing for I order system given by Eq.(23).
Proposed TR (0.1-0.09) TR= 2.1972*T MATLAB (step properties) Rise time at TD
Tr 1.0986 1.1 0.89
printsys(num,den,'s")
= disp('")
5. Conclusions :
sysl;
More precise analytical expressions for accurate calculation step(sys1)
of "rise time" with minimum deviation from actual values are disp(' s
derived and tested. The suggested expressions can be applied ~ disp(' Stability analysis: ')
to analytically calculate rise time with deviation to + 0.02 disp(' b5

seconds at actual value. Suggested expressions are intended
to be used in systems dynamics performance analysis,
controller design verification, and related sciences, as well as
for the application in educational process.

The Applied MATLAB Code

clc, clear all, close all,
num=input(' Enter Numerator: ');
den=input(' Enter Denominator: ');
sys1=tf(num, den);
g=length(den);
if g=—=
root=roots(den);
poles=abs(root);
if ((poles < 0)||(real(poles)<0))
uu='The system is stable';
else
uu='The system is unstable";
end
Time_constant = -1/( poles);
% rise time calculations, Tr Calculations
rise_time 1 9=2.1972/poles;
rise_time 0 1=4.6/poles;
Ess= 1/(1+ dcgain(sysl));
home,

fprintf( ' The system pole is: P1 = %2.2f, %s \n',poles,uu)
disp(' s

disp(" s

disp(' Rise time,Tr Calculations :')

disp(’ );

fprintf( 'Calculated Rise time,(0.1-0.09 criterion), Tr

= %2.5f Seconds \n' ,rise_time_1_9)
fprintf( 'Calculated Rise time,(0.0- 1.0 criterion), Tr = %2.5f
Seconds \n' ,rise_time 0 1)

disp(’ ";
disp('")

elseif g==3
disp(' ')

% disp(' Please wait: it takes 3-5 seconds ')

zeta=den(2)/(2*sqrt(den(3)*den(1)));
omega n=sqrt(den(3)/den(1));
omega d=omega n*sqrt(1-zeta2);
system_poles=roots(den);
if system poles <0

uu="'The system is stable";
else

uu="The system is unstable';
end
Time constant=1/(zeta*omega n)
zetal=[0:0.01:1.5]';
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sys=t};
for i=1:length(zetal)
sys{i}=tf(omega n*omega n, [,
omega n*omega n)); % omega n=1
sysl=tf(omega n*omega n, [1,
omega n*omega n));
end
[y.t]=step([sys{:}]);
% Calculating Rise time ,Tr ; 10%:90%
Al=logical( y(:,:)>=0.1);
A9=logical( y(:,:)>=0.9);
time 1=[];
time 9=[];
Rise time 1 9=[];
for i=1:length(zetal)
tmpl=t(A1(:,1));
tmp9= t(A9(:,1));
time 1(i)=tmpl(i);
time 9(i)=tmp9(i);
end
Rise time 1 9=time 9-time 1;
answer3=[ zetal, Rise_time 1 9'];
% format bank
% P=zeta
a3=find(answer3(:,1)==zeta);

2*zetal(i)*omega_n,

2*zeta*omega n,

actual Tr 1 9=answer3(a3,2);
if ((0< zeta) && (0.4 > zeta))
Tr_calcul 1 9=(1.15-0.21%*zeta+2.55.%zeta”2)/omega n ;
elseif 0.4 <= zeta && (zeta < 0.85)
Tr calcul 1 9=(1.26-0.55*zeta+2.58.*zeta"2)/omega n ;
elseif 0.85 <= zeta && (zeta <=1.2)
Tr calcul 1 9=(1.20-0.45*zeta+2.58.*zeta”2)/omega n ;
else
Tr calcul 1 9=(4.69*zeta-1.19)/omega n;
end
% Calculating Rise time ,Tr ; 0%:100%
AO=logical( y(:,:)>=0);
Al=logical( y(:,:)>=0.999);
time_0=[];
time 1=[];
Rise time 0 1=[];
for i=1:length(zetal)
tmp0= t(A0(:,1));
tmp 1= t(A1(:,1));
time 0(i)=tmp0(i);
time 1(i)=tmpl(i);
end
Rise time 0 1=time 1-time O0;
answerd=| zetal, Rise time 0 1';
ad4=find(answer4(:,1)== zeta);
actual Tr 0 l=answer4(a4,2);

if ((0< zeta) && (0.4 > zeta))
Tr calcul 0 1 =(1.2-0.2%zeta+3.*zeta”2)/omega n ;

elseif 0.4 <= zeta && (zeta < 1.2)

Tr calcul 0 1=(1.26-0.51*zeta+2.58.*zeta”2)/omega n ;

else

Tr calcul 0 1=(4.67*zeta-1.2)/omega n;

end

Tr calcul 0 1;

y=step(sys1,t);

DC gain2=y(length(t));

home, printsys(num,den,'s")

disp('"), sysl; step(sys1)

disp('")

disp(' Time constant, T Calculations :')

disp(" s

disp( ' Stability analysis: )

disp( [system_poles(1,1);system_poles(2,1)])

fprintf( ' %s \n',uu),

disp(' );

fprintf( ' The damping ratio,Zeta = %2.5f Seconds \n',zeta)

fprintf( ' The UNdamped natural frequency, Omega n=
=%2.5frad/s \n' ,omega n)

fprintf( ' The Damped natural frequency, Omega d=
=%2.5frad/s \n' ,omega d)

disp(’ );

fprintf( ' Time constant,T =
\n',Time constant)

%2.5f  Seconds

disp(' Rise time,Tr Calculations :')

disp(" D

fprintf( 'Actual Rise time,(0.1-0.09 criterion), Tr = %2.5f
Seconds \n' ,actual Tr 1 9)

fprintf( 'Calculated Rise time,(0.1-0.09 criterion), Tr
= %2.5f Seconds \n' ,Tr_calcul 1 9)

disp(’ ";

fprintf( 'Actual Rise time,(0.0- 1.0 criterion), Tr = %2.5f
Seconds \n' ,actual Tr 0 1)

fprintf( 'Calculated Rise time,(0.0- 1.0 criterion), Tr = %2.5f
Seconds \n',Tr calcul 0 1)

disp(" D
end
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