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Abstract

Based on fluid dynamics theory of the chromatographic process, combined with the effects of adsorption and reaction, the
chromatography model with a reaction A—B was established by a system of two nonlinear hyperbolic partial differential
equations (PDE). In some practical situations, the reaction chromatography model was simplified a semi-coupled system of
two linear hyperbolic PDE’s. In which, the reactant concentration wave model was the initial-boundary value problem of a
self-closed hyperbolic PDE, while the resultant concentration wave model was the initial-boundary value problem of
hyperbolic PDE coupling reactant concentration. The explicit expressions for the concentration wave of the reactants and
resultants were constructed by characteristic curve method in general situations. By taking pulse width injection taken as an
example, the solution of concentration wave for reactant and resultant were derived detailedly, and then the shape of the
outflow curves were further analyzed in a variety of situations. It was significant for further analysis between input and output
of chromatography, optimizing chromatographic separation, determining the physical and chemical characters.
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chromatography are still not much.

1. Introduction

If the chromatographic process contains reactions, it is labeled
as reaction chromatography. An important example is the
catalyst for the column packing, accompanied the catalytic [2,

In recent years, with the appearance of diverse production
chromatography (such as the reaction chromatography), the

chromatography technology has been widely applied in
chemistry, chemical engineering, biological engineering and
pharmaceutical engineering, etc, while the demand of
chromatography theory is increasing higher. The relationships
among the chromatographic input-output and the system
conditions play the very important role in chromatography
model [1-3]. In fact, the mathematical model of
chromatography system is an initial-boundary value problem
of hyperbolic partial differential equations system [4-10],
which is hard and challenging mathematics problem. The
relative works of partial differential equations in the practical
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3] in the adsorption process, and the isomerization reaction is
the common situation.

In this paper, a chromatography model with a reaction 4—B
was established, which is an initial-boundary value problem
for the semi-coupled system of two linear hyperbolic partial
differential equations. Then, using characteristic curve
method, the explicit expressions of concentration wave of
reactant and resultant were constructed in general situations. It
was significant for further analysis between input and output
of chromatography, optimizing chromatographic separation,
determining the physical and chemical characters. Finally, the
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wide pulse was taken as an example, the solution of
concentration wave for reactant and resultant were derived
detailedly, and the equations of outflow curves were further
worked out. The behavior and character of the outflow curves
were discussed corresponding to every possible situation,
providing the proper theory models for further
chromatographic data analysis.

2. Reaction Chromatography
Model

Set the concentrations of the reactant 4 and the resultant B in
the mobile phase and in the stationary phase as c|, ¢, fi, />
respectively. Reaction rate was k,, so the mass conservation
equation between reactant and resultant in the catalytic
chromatographic process was shown as below:

L

L=—k F
ot ot Ox A 1
%+F%+uai :krFf1
ot ot Ox

where, —kf; was the reactant reduction rate, and kf; was
resultant increase rate, k, was the coefficient of reaction rate.
According to Langmuir type adsorption isotherms, f; (¢, ¢;)
and f; (cy, ¢;) satisfied for:

G,
¢,c,)=—1—
fee) 1+bc, +b,c,
G.c ’ @
c.e)=— 22
L@ 1+bc, +b,c,

where the constants by, b, were the adsorption coefficients for
reactant 4 and the resultant B, respectively, and G| and G,
were both constants. The concentration wave equations (1)
were a system of two nonlinear hyperbolic partial differential
equations, which was a hard mathematical problem. But in
some practical situations, the problem can be simplified [2].
Assume ¢; was small, or the adsorption coefficient b; was
small, so bic;<1, while considering the assumed reaction
rate k. is relatively minor, therefore ¢, was also small, that
was ¢,K<1, byc,<1, and so the adsorption isotherm above can
be approximated as a linear

N =G, [, =Gy 3)
and denoted concretely:

1+FG, _

u
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They were positive constant, thus equations (1) can be
simplified to the following semi-coupled system of two linear
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hyperbolic partial differential equations. In which, the reactant
concentration wave model was the initial-boundary value
problem of a self-closed hyperbolic partial differential
equations, while the resultant concentration wave model was
the initial boundary value problem of hyperbolic partial
differential equations coupling reactant concentration.

% + oc, dc,

A Z = —ge, Zre ), 22

E _a. 5
o P ax “ ®)

In fact, in the quantitative analysis using high performance
liquid chromatography (HPLC), the concentrations of most
analytes, such as the reactant 4 and the resultant B here, were
all very small [2, 3, 5], i.e. satisfied for ¢;<1 and ¢, < 1.
Therefore, Langmuir type adsorption isotherms (2) can be
approximated as a linear case (3). This study mainly focused
on the linear case, and deduced the behavior of concentration
wave for chromatography system with a reaction A—B.

Chromatographic process started from the boundary, and there
were many types of the boundary conditions, such as the
methods of delta-pulse, head-on, wide pulse, gradual change
head-on, gradual change wide pulse, etc; whose
corresponding boundary condition were not zero. The initial
state of chromatography columns were typically empty, that
the initial conditions corresponding to 0. However, in practical
problems, there was some important chromatograph whose
corresponding initial condition is not zero, such as simulated
moving bed chromatography. Therefore, it is necessary to
study the general initial-boundary value problem with both the
initial and boundary values were not 0. That was, ¢;, ¢,
satisfied the following the general initial-boundary value
problem.

% 43 % - ge

Ox ot

Cl (X,O) = C11 (X), 0 <x < +oo (6)
cl(O,t):clB(t), 0<?<o0,

9 42,9 - ge,

Ox ot

e, (x,0)=ci(x), 0<x<+o @)
cz(O,t)Zcf(t), 0<t<+o0,

where, A, A,, @ were constants, c/(x), ¢’ (¢),i=1,2 were
positive piecewise and continuous smooth functions, and meet
the compatibility condition, cil (0) :cf (0),i=1,2 (If this
compatibility condition was not satisfied, The results of this
paper was still valid).



International Journal of Bioinformatics and Biomedical Engineering Vol. 1, No. 3, 2015, pp. 263-271 265

3. Explicit Solution of
Concentration Wave

Firstly, solve the initial-boundary value problem (6) for c;.
According to characteristic curve method of initial-boundary
value problem for hyperbolic partial differential equations, the
characteristic curve =#(x) of (x, ) plane satisfied the following
equation:

dt(x)
dx

= A. 8)

Along the characteristic curve =£(x), we got:

de,(x,t(x)) _ acl acl
—_— +A =-ac,(x,t(x 9
e . 3 | (x,2(x)). ©
Solve the ordinary differential equations about

¢, (x,t(x)) dgé(x) , We got:

¢, (x,t(x)=ke ™9, (10)

where, k, & were constants, corresponding to the beginning
point of characteristic curve.

For O(x,t)0{t =2 Ax}, the characteristics curve and ¢ axis
Or=t-Ax ,

¢ (0,1(0) =¢,(0,7) =¢'(7)

intersected, t0)=r1 , )

o (x,t)y=c’(D)e™ =cf(t=Ax)e ™.

For O(x,r)0{r <Ax} , characteristic curve and x axis

. _ at
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1
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To sum up,
g t=Ax)e™™, t=Ax
¢ (x,1) = 2 (11)
1 ! t<Ax

dx——)e* s
1 ( ) %)
Then solved the initial-boundary value problem (7) for c,, the
characteristic curve =#(x) of (x, 7) plane satisfied the following
equation.

) _

ot (12)

Along the characteristic curve, we got:

dest0) 06 ) 96 - g i)

13
dx 0x (13)

For [O(x,)0{t = A,x} Or=t-Ax ,
¢,(0,1(0)) =¢,(0,7) =2 (7), further we got:

t(0)=1 , so

& (5, t(0) = af e (0,0 +eb (D).

For O(x,7)0{t <A,x} , characteristic curve and x axis

t
intersected, (¥ =¢"(0) = x——,
A

s0 ¢,(&,4(&)) =¢,(£,0)=cl (&), further we got:

& (v t(x) = af ¢ (£ (ML +e(€).

To sum up,

a’ri, CI(Z,t+/12(Z—x))d(+c§(x—i), t<Ax
I A, (14)

t2Ax

af e (0.t + A (¢ =)+l (t = 4,x),

Use the expression (11) of ¢; and the relation equation (14) of
¢y and ¢,, the explicit solution expressions of ¢, were derived
by dividing into the following three cases.

In the case of A, =4 =4
@ OC,pn0{=zAxp , for
({.1+A(¢

Z0,x) , we had
—-x))0{t = Ax}, according to (11) and (14), thus

e, (x,0)=cl(t=Ax)+ aj:cf(t -Ax)e™d{
=cl(t=Ax)+cl (t=Ax)(1—e™™).

(i) OCne)Ofr<Ax} , for ZD(x—%,x) , we had

(¢, t+A({ —x))O{t < Ax}, according to (11) and (14), thus
_al+ A -]
¢, (x,1) =c§(x—%)+aj':_ﬁcll(i HA(AZ D™ ag

_at

—Cz(x——)+cl (x——)(1 e’).

To sum up,

at

=Dyt (rmi=e ). 1< Ay

c,(x,t)= (15)

At=Ax)+cl(t=Ax)1=e™™), t= Ax.
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In the case of A, <A, see Fig. 1(a)

() OnD<Ax), for ZD(x—/]L,x) , we had

2
({,t+A,({—x)O{t<Ax} O{r<Ax}, according to (11)
and (14), thus
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t .. ale =5 o
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(i) O(x,0)0{Ax<t<Ax}, the intersection of the
characteristic curve of ¢, over (x, ) and the line # =Ax was
t=Ax A@{t—Ax)
A=A ’ A=A
Z0@0,y), we had ({t+A({-x)O{=2Ax} O{t=2Ax};
and for {O(y,x) we had ({,t+A({ -x)O{Ax<t<Ax},
according to (11) and (14), thus

) , as shown in Fig. 1(a), for

(v =(

t ale
¢} (x=—)+ =

A, A=A, ¥

_a(t=Ax)
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(i) OO =Ax}, for ZD(x—%,x) , we have

(., t+A({-x)0{r=Ax} O{r=Ax}, according to (11)
and (14), thus

o (x,0)=c)(t —/12x)+a'].:CIB (t=Ax=(A _Az)Z)eiade
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A=A ay
_ N A,
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(b) 4, >4,

Fig. 1. Fragments range of ¢,.
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In the case of A, >4, see Fig. 1(b).

() O(,n0{t<Axl, for ZD(x—/]L,x) , we had

2

(§,t+A({—x)O{<Ax} O{r<Ax}, according to (11)
and (14), thus
f4 arw(z ]
¢, (x,1) = cz(x——)+aJ‘ e/ (- #) d{
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(i) OCx,))O{Ax <t <A}

The intersection of the characteristic curve of ¢, over (x, 7) and
Adx—t A(Ax—t)

the line t=Ax was (y,7) = (/]2 By R ), see Fig.

by,  for 7 0(x —/]i, v .,  we  had
2

({t+ A -x)O<Ax}O{<Ax}, and for {O(y,x)
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and (14), thus
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and (14), thus
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To sum up,

_a(hx-t)
t. ale PN o
G L AW <A
_a(hx-t) ;
¢ a%e A=A . ary
1 — )+ 1 )I A )'|d
a(e=p+ =5 [; el ety a7
6 (x0) =
7a(A2x*t)
b= A _ay
+ae/]—_/]j0 ! (e *Mdy, Ax<t<Ax
2 1
_a(hx-t)
ae A=A ~Ax ay
Cf(t_/]zx)"'WjH (& (y)e 2 hdy, t 2 Ax.
i ) ) follows,
4. Wide Pulse Injection
R G 0<tst,
Chromatographic process started from the boundary, and there o (@)= 0.1 <t ¢y (x)=0. (19)
b P 2

were many types of the boundary conditions, such as the
methods of delta-pulse, head-on, wide pulse, gradual change
head-on, gradual change pulse, etc;
corresponding boundary condition was not zero. Where, wide
pulse was the most common way of chromatography injection
method, its initial state of chromatography column was
typically empty, so the initial condition was the follows,

wide whose

el (x)=0, ci(x)=0. (13)

And the corresponding injection function was given as

where, #, was the injection time, c¢,o was the injection rate, both
of them are constant. So, in the case of wide pulse, c;, ¢,
satisfied the following the initial-boundary value problem (6),
(7), (18) and (19). If the column length was L, outflow curve
refers to the function of ¢; and ¢, when x = L. The character
state of outflow curve was an important parameter of
chromatographic process.

In this paper, pulse width was taken as an example, the
solution of concentration wave for reactant and resultant were
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derived detailedly, and then according to the obtained explicit
expressions of ¢; and c¢,, the shape of the outflow curve were
further analyzed in a wvariety of situations, providing
theoretical models for the chromatographic quantitative
analysis.

According to the equations (11), (15), (16) and (17), we had
the explicit solution expressions of ¢; and ¢, as the follows,

¢ (x,t)= 0 r<Ax (20)
e cl(t=Ax)e "t = Ax,
When A, =4 =4
n={ ; e @1
¢, (x,t)=
g cB(t=Ax)(1-e ™)t 2 Ax,
When A, <A
0, t<Ax
_a(t-Ax)
ae "R i “ 22
(et = WIO clB(y)e/]1 " dy, Axst<Ax 22)
_a(t-Ax)
ae " ey /11‘3’13
WL-M ¢ (e Hdy, t 2 Ax,
When A, > A
0, t<Ax
_a(hx-t)
¢, (%) = ﬂr%xﬁ( )e"gzd Ax<i<Ax (23
2\ /]2—/\1 0 1 y Y, 17 = 2
_a(hx-t)
ae M imax ),gz
7'{’_/]2)( ¢ (e dy, t=Ax.
Put (16) into (17), we easily got,
0, 0<t<Ax
a(x,t)=9¢e™ ™, Ax<t<t, +Ax (24)

0, ¢, +Ax <t

When A, =A =A, we got the same situations as the

fragments range of ¢, similarly we got,

0, 0<t<Ax
e, (x,t)=1¢,(1-e ™), Ax<t<t, +Ax (25)
0, t, +Ax <t

When A, <A, the fragments range of ¢, was showed in
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Fig.2(a).
t= f)‘|‘A1I _ .
t P = MG
: (v)
(vi) f t="t,+\pa
(ii)
IL) f:)\zl‘
“[Giv) :
(i)
1 X
0 tp
oy = g
@ A, <A

ol

t= fp+/\2(1‘ t=\
i)

(vi) /)
(ii)

(iv)

1= tp“|‘/\1(l’

A2 — A

(b) 1,>4

Fig. 2. Fragments range of ¢,, in case of pulse width injection.

def
() O(x)0{0<t<Axt=Q,, ¢,(x,1)=0

def
(i) O(x,t) DixSt<Ax, t<t, +Ax} = Q,

_a(t=Ax)

A=A, ay

ae
/]1 '/]2

c,(xt)=

_a@t=Ax)

def

(i) O(r,0) DA<t <Ay, 131 +Ax} =

_a(t-Ax)
XA ay

4 A4 —
IO ce” Pdy =cye

e

)=
¢, (x,0) e

def
(iv) O, OfAx<t<t, +Ax} =Q,

Q3

_a@t-Ax) at,

A=A (e A=A

t=Ayx
: e g — . Ah
IO coe” tdy=c (1-e ).

-1).
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_a(t=-Ax)
/1] _/]Z av

J-t—/17x
e
t=Ax €10

ae

’t =
CZ(x ) /]1 '/]2

dy =¢,(1—e™™).

def
) O,0)0{Ax<st, t,+Axst<t, +Ax}=Q;

_at-Ax)
A=A av

p -4, A=A _ —ax
If—ﬂu 1oe dy =c,(e e™).

a(t, +hx—t)

def
(vi) O, 0{t>1, +Ax} =Q,, ¢,(x,1)=0.

So we got,
05 (x, t) a Ql
_au=hy)
A=A
co(l—e %), (x,)0Q,
¢, (x,t) =<0 A (@R -, () 0Q, (26)

co(1—e™™),

a(t,+hx-t)
cole M —e™™), (x,0)0Q,
0, (x,)0Q,.

(x,)0Q,

When /]2 > /]1 , the fragments range of ¢, was showed in Fig.
2 (b). Similar to the calculation method as used when
A, <A, we got:

0, (x,H0Q
_a(hx-t)

cole ™ —e™ ™), (x,n0Q,
_a(hx-t) at,

A (l—e 7)), (x,)0Q;
(x,)0Q,,

¢, (x,8) =10
¢, (1—e™™),
a(t,+hx-t)
col=e "™ ), (x,n0Q,
0, (x,n0Q;,

@7

where

def

Q) =Z(0<r <A,
def

Q) ={Ax<t<Ax t<t,+Ax}
def

Q) ={Ax<t<Ax t=2t, +Ax}
def

Q, =iAxst<t,+Ax}
def

Qs ={t, +Axst<t, +Ax,t 2 Ax}
def

Qi ={t>t, +A,x}.

Next, we discussed the shape of the outflow curves.

According to (24), the outflow curve of c1 was the follows,

0, 0<t<AL
¢(L.)=q¢,e ™, AL<t<t, +AL (28)
0, t,+AL<t,

the outflow curve of ¢,, and we divided it into the following
three conditions for analysis.

When A, = A, =4, according to (25), the outflow curve of ¢,

was the follows,

0, 0<t<AL
e (L) =q¢,(1-e™), AAL<t<t,+A,L (29)
0, t,+AL<t.

X

0 Moz Mz tp+hox ot

tl
(a) 0<LSA]— )
G
. ' X
0 Xx o Mz o
tp
b) L= PR

Fig. 3. Outflow curve of ¢; when A , < /]1 , in case of pulse width injection.

When A, <A, the intersection of the line #=Ax and the
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A
t” ,i). If 0<L< i
/]1_/12 /]1_/]2 /]1_/]2

then, ¢, can be divided into five regions: Q;, Q,, Q4, Qs, Qq,
and according to (26), the outflow curve of ¢, was the follows,

line 7=t,+Ax was (

>

0, t0Q,(L)
_a(t-AL)
col=e ™), +0Q,(L)
e, (L,t)={c,(1-e ),  +t0Q,(L) (30)
a(t,+AhL-t)
cole M —e™), t0Q (L)
0, t0Q,(L).
tp

It was also shown in Fig. 3(a). If < L, then, ¢, can be

1 2
divided into five regions: Qy, Q,, Q3, Qs, 4, and according to
(26), the outflow curve of ¢, was the follows,

0, t0Q, (L)
_a(l—/lzL)
co(l—e "%,

_a(t-MhL) a,

+0Q,(L)

e, (L,t)={ce "% (MR =1, t0Q,(L) (31)
a(t,+hL-t)
cole M =e™™), t0Q (L)
0, t0Q,(L).

It was also shown in Fig. 3(b).

When A, > A, the intersection of the line ¢ =A,x and the

t At t
L 2Py If 0<Ls—F—,
/]2 _/]1 /]2_/]1 /]2_/]1

then, ¢, can be divided into five regions: Q;, Q,, Q4, Qs, Qq,
and according to (24), the outflow curve of ¢, was the follows,

line t=t,+Ax was (

0, t0QI(L)
,”(AZL_’)
cole 7 —e ™), tOQL(L)
c,(L,t) ={c, (1-e™™), t0Q, (L) (32)
7a(zp+AzL—z)
co(l—e %74 ), 10QLL)
0, t0QL(L),
tP

also was showed in Fig. 4(a). If < L, then, ¢, can be

2 1
divided into five regions: Qy, Q,, Q3, Qs, 4, and according to
(27), the outflow curve of ¢, was the follows,
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0, t0Q!(L)

cole = —e™ ), t0QL(L)

coe M (e 2T, t0QL(L)
_a(:l,+A2L—z)

co(l—e %74 ), +0QL(L)

0, t0Q (L),

e, (L,1) = (33)

It was also shown in Fig. 4 (b).

G

N

’ X
0] Mz Xox ) zx o+
(@ 0<Ls—2
G
B .
] a
0| Mir N ax o X

t
b) Lz—~
(®) y

2 1

Fig. 4. Outflow curve of c; when A, > A , in case of pulse width injection.

5. Conclusion

The concentration wave equations of the chromatography
process with a reaction A—B were a system of two nonlinear
hyperbolic PDE’s, which was a hard mathematical problem.
But in some practical situations, the reaction chromatography
model can be simplified to a semi-coupled system of two
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linear hyperbolic PDE’s. In which, the reactant concentration
wave model was the initial-boundary value problem of a
self-closed hyperbolic PDE, while the resultant concentration
wave model was the initial-boundary value problem of
hyperbolic PDE coupling reactant concentration. The explicit
expressions for the concentration wave of the reactants and
resultants were constructed by characteristic curve method in
general situations. The case of pulse width injection was taken
as an example, the solution of concentration wave for reactant
and resultant were derived detailedly, and then the shape of the
outflow curves were further analyzed in a variety of situations,
providing the proper theory models for further
chromatographic data analysis.
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