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Abstract

Chemical compounds and drugs are often modelled as graphs (for example, Polyhex Nanotubes and Dendrimer Nanostar)
where each vertex represents an atom of molecule and covalent bounds between atoms are represented by edges between the
corresponding vertices. This graph derived from a chemical compounds is often called its molecular graph and can be different
structures. The edge Wiener index of a graph is defined as the sum of the distances between all pairs of edges, and it has been
found extensive applications in chemistry. In this paper, we determine the edge Wiener index of gear fan graph, gear wheel

graph and their 7-corona graphs.

Keywords

Organic Molecules, Edge Wiener Index, Fan Graph, Wheel Graph, Gear Fan Graph, Gear Wheel Graph, »-Corona Graph

Received: March 23, 2015 / Accepted: April 5, 2015 / Published online: April 10, 2015

@ 2015 The Authors. Published by American Institute of Science. This Open Access article is under the CC BY-NC license.

http://creativecommons.org/licenses/by-nc/4.0/

1. Introduction

Wiener index, Hyper-Wiener index and edge Wiener index
are introduced to reflect certain structural features of organic
molecules. We denote P, and C, are path and cycle with n
vertices. The graph F,={v} O P, is called a fan graph and the
graph W,={v} OC, is called a wheel graph. Graph (G) is
called - crown graph of G which splicing » hang edges for
every vertex in G. By adding one vertex in every two
adjacent vertices of the fan path P, of fan graph F,, the
resulting graph is a subdivision graph called gear fan graph,

denote as I:“n . By adding one vertex in every two adjacent

vertices of the wheel cycle C, of wheel graph W,, The
resulting graph is a subdivision graph, called gear wheel

graph, denoted as 7.

n

The (molecular) graphs considered in this paper are simple
and connected. The vertex and edge sets of G are denoted by
V(G) and E(G), respectively. The Wiener index is defined as
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the sum of distances between all unordered pair of vertices of
a graph G, i.e.,

WG = 2 dwy).

{0V (G)

where d(u,v) is the distance between u and v in G. The

Hyper-wiener index is defined as

WG =~ Y tdw.v)+dw)} )

{u 0V (G)

Several papers contributed to determine the Wiener index and
Hyper-wiener index of special graphs. Yan et al., [1]
presented the graphs which minimize the Hyper-Wiener
index among all graphs with given chromatic number and
clique number and the graphs which maximum the
Hyper-Wiener index among all graphs with given chromatic
number and clique number. More results see Yan et al., [1-2],
Gao et al., [3-4], Gao and Shi [5], Gao and Wang [6], Xi and
Gao [7-8], Xi et al., [9], Gao et al., [10].
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Then the edge-Wiener index of G is defined as the sum of the ~ for graphs of order n.
distances (in the line graph) between all pairs of edges of G,

. In this paper, we present the edge wiener index of I (F))
ie.,

and [ (W,) first; then, the edge wiener index of gear fan
W.(G)= Z d(e, f) , graph and gear wheel graph are determined; at last, the edge
{e.f}0E(G) ~ ~
wiener index of [ (F,) and [ (W,) are derived.
where the distance between two edges is the distance
between the corresponding vertices in the line graph of G. .
2. Main Results and Proof
n
Buckley [11] proved that VIQ(T)—W(T)—( J for a tree 3 3 5 11
2 Theorem 1. W.(I,(F)) = r#Cat+3) + st =Ll +
with order n. Gutman [12] presented that if G is a connected

. (4n* —12n+12) .
graph of order n and size ¢, then W, (G) =

1 Proof. Let Pn=v1v2...vn and the r hanging vertices of vi be
W(G)=n(n=1) +5q(q +1) . Gutman and Pavlovic [13] 1,2 , v/ (1<i<n). Let v be a vertex in Fn beside Pn,

showed that if G is a connected unicyclic graph of order n,  and the r hanging vertices of vbe v', v*, ..., v".
then W,(G) < W(G), with equality if and only if GOC,.

Recently, Dankelmanna et al., [14] verified that the

By the definition of edge Wiener index, we have

5

9
asymptotically sharp upper bound W, (G) < i—sns +0(n?)

n_r-l r r.o.n_r

W.(I.(F,))= ZZd(vv v )+ZZZ dvy!,v J-i—ZZZZd(vlv,,vv)-i- dw',vvh)
i=1 j=i+l i=l j=1 k=j+1 i=1 j=i+l k=1 t=1 i=1 j=1 k=1
r r_n-l n_n_r n-l n_r n-l n
+ZZd(w W)+ D AW vy )+ D D > dw, vV )+ D > dy vV )+ D0 D d (v, w)
i=l j=1 i=l j=1 i=l j=1 k=1 i=1 j=1 k=1 i=1 j=i+l

-2 n-l n_n-l

n-2
IPIPITICINRATOED IPI LIRS
i=1 1

= j:i+ i=1 /:]

:r(r2_1)+”r(r2_l)+r2(%n2 52n+1)+2nr 4 20(n=1) + 20 =)+ rGn® =9 +8) + 1D

n(n-1)
2

+(%n2 —175n+10) +(2n° —4n+2)

3 3 15 11
=P (En? + ) +r(5n’ - —=n+—)+@n* —12n+12) .
(2 2) ( > 2) ( )
Corollary 1. W,(F,)=4n> —12n+12.

Theorem 2. W,(I.(W,))=r* (%n2 +%) +r(5n* —%n —%) +(4n*> =Tn) .

Proof. Let C,=v,v,...v, and v,.1 SV, v/ be the r hanging vertices of v; (1 <i<n). Let v be a vertex in W, beside C,, and

i

v', v?, ..., v"be the r hanging vertices of v. We denote V,V,,;=V,V,.

By the definition of edge Wiener index, we have

n_r-l r n-l n r.o.n_r

W.(I.(W,))= z Z dw' , W)+ 3 > dvy vy )+ D] ZZd(v,vl Vv d(w',vvt)

i=1 j=i+l i=1 j=l k=j+1 i=1 j=i+l k=1 t=1 i=l j=1 k=1

n n_n_r n-l n

ZZd(V Vv V) 420D > Ay vy )+ D d(w,w))

i=1 j=I1 k=1 i=1 j=i+l

FY DA )+ X DA )+

i=l j=1 i=l j=1 i=
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n=1 n n n
+Z Z d(vaf+1,yfvj+1) +sz(vvfstV/+1)

i=1 j=i+l =1 j=1

_rr= + nr(r—1) +r2(én2 —gn)+2nr2+rn +2rm+r(2n” —n)+r(3n” —6n) +_n(n D +(§n2 —211)
2 2 2 2 2 2 2
+(2n° —2n)

23 5.1 29 1 2
=r(=n"+=)+tr(5n° —=n—-=)+(4n" —7Tn).
r (zn 2) r(5n 5" 2) ( )

Corollary 2. W,(W,)=4n* -7n..

Theorem 3. W,(F,) :%nz —%n+19 .

Proof. Let P,=v\v,...v,and V., be the adding vertex between v; and v;,,. Let v be a vertex in F, beside P,. By virtue of the
definition of edge Wiener index, we get

n=2 n-l n-l n-l

n-l n n-2 n-l
VVL(F:,) = z Z d(vvi’vvj) + Z z d(vaf,fﬂﬂvjvj_jﬂ) + z Z d(vi,[+lvi+17 Vj.j+1vj+1) + zzd(vai,mﬂvj.jﬂvjﬂ)

i=1 j=i+l i=1 j=i+l i=1 j=i+l i=l j=1
n_n-l

n_n-l
22 AL vy )+ 2D Ay, )

i=l j=1 i=l j=1

_nn D) Jr(én2 —£n+5) Jr(én2 —En+5) +@n’ =12n+9) +(2n* =3n) + (2n* —3n)
2 2 2 2 2
:gnz —5—911 +19.
2 2

Theorem 4. I/Vg(l/f/n):%n2 —%n

Proof. Let C;=vv,...v, and v be a vertex in W, beside C,. Let v,,,,  be the adding vertex between v;and v;+. Let v,,,, =V, ,

V.=V . In view of the definition of edge Wiener index, we deduce

n+l

n-l

n-l n n n-l n n__n
W07,)=20 2, d0vow )+ 20 2 d0, v ) + 20 D A0V, Vi) + 22 d 0V, Vi)

i=1 j=i+l i=l j=i+l i=1 j=i+l i=l j=1
n n

22 AW vy )+ 2D Ay, )

i=l j=1 i=l j=1

n(n—1) 3, 5 3, 5 2 2 2
=———+(CEn -Zn)+(zn —=n)+@Bn" —4n)+(2n" —n)+(2n" —-n
3 (2n 2’?) (2n 2’?) ( )+ ( ) +( )
21, 23
=—n"—-——n.
2

Theorem 5. W.(I,(FE,))=r*(8n" =14n+11)+r(19n> =38n +30) +(%n2 —%n +19).

Proof. Let P,=v\v,...v, and V., be the adding vertex between v; and v;,,. Let v,.1 , v,.2 ,..., v, be the r hanging vertices of vi

(1<i<n). Let V,vl’,.+1 , Vf,vﬂ ,--+s Vi1 be the r hanging vertices of V., (1<i<n-1). Let v be a vertex in F, beside P,, and the r

r

hanging vertices of vbe v', v*, ..., v".
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By virtue of the definition of edge Wiener index, we get

n_r-l -1r-1 r
1

TAALE SO I CERIDES 3 39 ILTRIGED 393D N WINRAGED 3) 3P WIS

i=1 j=i+l i=l j=1 k=j+1 i=1 j=i+l k=1 t=1 =1 j=

[N}

n-l r r

n- r.o.n_r r n-l r
k t i k i k
+ PR ED I NN AP EDIPIPII RPN
i=1 j=i+l k=1 (=1 i=1 j=1 k=1 i=1 j=1 k=1
n_n-l r r r r r
+ d ViV Y 1+1)+sz(vv vV, )+zzd(w’vlvl 1+1)+zzd(vv’ Vi 1+1)
i=1 j=1 k=1 t=1 i=l j=1 i=l j=1 i=l j=1
n_n_r n-l n_r n-l n_r n_ n-l r
k k
+ d(vv,,vv )+ZZZd( ml,v}.v})+ZZZ(Z(V{JHV{H,V/V,)+ Z d(w,v; v )
i=1 j=1 k=1 i=l j=1 k=1 i=1 j=1 k=1 i=1 j=1 k=1
n-ln-l r n-l n-l r n-2 n-l
+ LCTRARRED 39 30 I CIPRN ,,+,>}+{Z S dw,w)+ S S Ay, )
1 j=1 k=1 i=1 j=1 k=1 i=1 j=i+l i=1 j=i+l

i

n=2 n-l1 n-l n-1 n_n-l n

+Z Z d(vf,,ﬂ 1+1s J. /+1Vj+1) +sz( 1,+19 jj+lv/+1) +ZZd(VV V; V/ /+1)+sz(vvz’vj /+1V/+1) }

i=1 j=i+l i=1 j=1 i=1 j=1 i=l j=1

r(r-1) 4 nr(r—1)
2 2

:{ +r2(én2_§n+1)+(n_l)r(r_l)+r2(§n2_19
2 2 2 2

En +9)+ 2720 +3r (n—1) +4r° (n* —2n+1)

+rn+2r(n=1)+2r(n=1) +r(2n* —=n) +r(3n* —6n+3) +r(3n> —6n +3) +r(3n* = 5n+2) + r(4n’ —12n+13)

r(4n? ~12n+13) }+{”(”2 )+(%n2 —1—21n+5)+(%n2—%n+5)+(3n2—12n+9)+(2n2—3n)+(2n2—3n)}

=r*(8n* —14n+11)+r(19n* —38n +30) -5-(%112 —%n+19) .

Theorem 6. I/Vg(lr(l/ffn))=r2(8n2 —4n +%) +r(19n° —17n —%) -i-(%n2 —%n) .

Proof. Let C,=v,v,...v, and v be a vertex in W, beside C,. V,;.; be the adding vertex between v; and v;,,. Let v', v, ..., v".

be the » hanging vertices of v and v, Vi, v/ be the r hanging vertices of v; (1<i<n). Let V,,.,=V,, and Vl,+1 ,

1
Vil s Vi be the r hanging vertices of V., (1<i<n). Let V,,.i=V,1, Vs =%. In view of the definition of edge

Wiener index, we deduce

n_r-l n_r-l r

A A IO RIS I I RIS 30 30 N (T BIAED I IDIN (T IR

i=1 j=i+l i=1 j=l k=j+1 i=1 j=i+l k=1 t=1 i=l j=1 k=j+1

n-l n r.o.n_r

""Z z sz("”H VitV “+1)+ d(VV Vv, )+ZZZd(VV >V i+l j,j+1)

i=1 j=i+l k=1 t=1 i=l j=1 k=1 i=l j=1 k=1

+Zn:Zn:Zr:Zr:d(vlvl Y ,+1V M)-&-ZZd(vv v, )+ZZd(vv ViV /+1)+22d(vv Vi in /+1)

i=1l j=1 k=1 t=1 i=l j=1 i=l j=1 i=l j=1

n_n r

D WITRRSED ) W HTTIRRDED 2 3p W IIIAREDES 3939 W ARG

i=1 j=1 k=1 i=l j=1 k=1 i=l j=1 k=1 i=l j=1 k=1

n_n__r n-l n

+Zzzd(v'vw+l’ //+1 ,,+.)+zzzd("u+1 i+l //+1 ,,+|)}+{z Z d(vvr’vv )+Z z d( H+1’ j //+1)

i=l j=1 k=1 i=l j=1 k=1 i=1 j=i+l i=1 j=i+l
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n-l n n_n n_n n_n
EPIDICICRRRRIPN ED I CIARRIPI ED I I CORATOED I (LR

i=1 j=i+l i=l j=1

r(r-1) 4 nr(r—1)

5 2

+r2(én2 —En)—i- nr(r—1)
2 2 2

+7(2n° =n)+r(3n* =3n) +r(3n’ =3n) +r(3n’ —2n) +r(4n’ —6n)+ r(4n’ —6n) }+{ =5t (%n2 -5

+(%n2 —gn) +(3n* —4n)+(Q2n° —n)+(2n° —n) }

23

1 1 21
=r28n’ —4n+=)+r(19n* —=17n—-=) +(==n* -==n).
( 2) ( 2) (2 2 )

3. Conclusion

Chemical compounds and drugs are often modeled as graphs
where each vertex represents an atom of molecule, and
covalent bounds between atoms are represented by edges
between the corresponding vertices. This graph derived from
a chemical compounds is often called its molecular graph,
and can be different structures. An indicator defined over this
molecular graph, the edge Wiener index, has been shown to
be strongly correlated to various chemical properties of the
compounds. Fan graph, wheel graph, gear fan graph, gear
wheel graph and their 7-corona graphs are common structural
features of organic molecules. The contributions of our paper
are determining the edge Wiener index of these special
structural features of organic molecules.
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